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X1

ABSTRACT

In the first part of this dissertation, the integral equation approaches are developed to analyze the
wave propagation in periodic structures. Firstly, an integral equation approach is developed to analyze
the two-dimensional (2-D) scattering from multilayered periodic array. The proposed approach is capa-
ble of handling scattering from the array filled with different media in different layers. Combining the
equivalence principle algorithm and connection scheme (EPACS), it can be avoided to find and evaluate
the multilayered periodic Green’s functions. For 2V identical layers, the elimination of the unknowns
between top and bottom surfaces can be accelerated using the logarithm algorithm. More importantly,
based on EPACS, an approach is proposed to effectively handle the semi-infinitely layered case in which
a unit consisting of several layers is repeated infinitely in one direction.

Secondly, the integral-equation (IE) method formulated in the spatial domain is employed to calcu-
late the scattering from the doubly periodic array of three-dimensional (3-D) perfect electric conductor
(PEC) objects. The special testing and basis functions are proposed to handle the problem with non-zero
normal components of currents at the boundary of one period. Moreover, a relationship between the
scattering from the PEC screen and its complementary structure is established. In order to efficiently
compute the matrix elements from the IE approach, an acceleration technique with the exponential
convergence rate is applied to evaluate the doubly periodic Green’s function. The formulations in this
technique are appropriately modified so that the new form facilitates numerical calculation for the gen-
eral cases.

In the second part of this dissertation, the error analysis of various basis functions in projection of
the plane wave was conducted, including pulse basis, triangular basis, the basis of their higher-order ver-
sion, and the divergence-conforming basis on rectangular and triangular elements. The projection error

is given analytical, asymptotically, and numerically. The application of the p-th order one-dimensional
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Xii

(1D) basis can result in the projection error which is asymptotically proportional to (p + 1)-th power
of the density of unknowns. Based on the analytical projection errors in 1D case, it is found when the
expansion basis is fixed, the application of different testing functions only affect the constant coefficient
of the projection error rather than the order. Generally, the error of divergence-conforming basis in

projection of curl-free vectors is less than that of divergence-free vectors.
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CHAPTER 1 INTRODUCTION

The thesis is comprised of two parts of research work. Part I is on the electromagnetic modelling
of the periodic structures. The integral equation approaches are developed to analyze the periodic
structures. Part II is about the error analysis of various basis functions in projection of plane waves.

The last chapter gives a conclusion to this thesis.

1.1 Introduction to Part I

1.1.1 Review on application of periodic structures

In the last several decades, periodic structures have gained intensive interests and attention of the
researchers in the field of electromagnetics. They can find a variety of applications in the area of elec-
tromagnetics. First, the periodic structures was applied to inhabit the spontaneous emission in semicon-
ductor laser [1]. Researchers found that the photonic crystal structures can have a full photonic bandgap,
where the electromagnetic (EM) wave is forbidden to propagate in every direction [2]. Secondly, the
periodic structure can be applied to create the artificial material [3]. Recently, researchers designed
the metamaterial with negative permittivity and permeability [4]-[7]. The engineered metamaterial can
provide the EM properties that is difficult to be found in the conventional and natural material. Thirdly,
the periodic structure can apply to the design of waveguide filter [3].

Fourthly, the periodic structure has many application in the microwave engineering. For example,
the frequency selective surface (FSS) [8], [9], which has the frequency filtering property, is a doubly
periodic array of patches and apertures. FSS can be applied as antenna radomes for control of EM wave
transmission and reflection. The FSS reflector can be employed to separate feeds of different frequency
bands in reflector antenna systems. The other example is the electromagnetic bandgap (EBG) structures

[10]-[13],-which are periodic structures made by metallic, dielectric or metallodielectric elements. The
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EBG structures has important application in the design of improved antennas: 1) they serve as artificial
magnetic conductor ground planes to design low profile antennas; 2) they are used as substrates for
microstrip patch antennas to suppress the surface wave; 3) they are used as superstrates over radiation

sources to increase the radiation aperture of the original structure, and thus the directivity.

1.1.2 Review on theory about periodic structures

The EM problems about the periodic structures can be categorized into three types: eigenvalue,
source driven and homogenization problems. For the eigenvalue problem, the objective is to find the
the resonant frequencies for a given wave vector or wave vectors for a given resonant frequency. The
resultant band structure, describing the relationship between the resonant frequencies and the wave
vectors, forms the k£ — (§ diagram (6 = w/c). The EM fields are not excited by sources, but subject
to the boundary conditions. In general, the eigenvalue problem is in regard to the one-dimensional (1-
D) singly periodic, two-dimensional (2-D) doubly periodic and three-dimensional (3-D) triply periodic
structures. Singly, doubly, and triply periodic indicate the structures are periodic in one, two, and three
directions, respectively. /-D, 2-D, and 3-D indicate the EM quantities varies with one, two, and three
independent spatial variables, respectively. The source driven problem is the scattering problem of
periodic structures, which is usually to calculate the reflection and transmission coefficients of Flquet’s
modes which is excited by the incident EM wave. For this problem, the number of directions, along
which the structure is periodic, is less than that of the dimensions of the problem. The homogenization
of periodic structures is to find the effective permittivity and permeability of the composite material.

Several methods have been successfully developed to solve the eigenvalue problem, including the
plane wave method [14], [15], order-N method [16], transfer matrix method (TMM) [17], [18], hybrid
methods [19], [20], finite-difference method [21], etc. The plane wave method expands the EM quanti-
ties into plane waves. The wave equation reduces to a matrix eigensystem. The eigenvalues represent
the resonant frequencies and the eigenvectors represent the Floquet’s modes. The order-/N method is
essentially the finite-difference method in time domain. The computing time scales linearly with the
size of the system. The TMM method is based on Maxwell equations on a lattice. The relationship

between the fields on two planes can be described by the transfer matrices. At fixed frequency, if the
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fields on one side of a sample is given, we can transfer the fields throughout the whole sample. Unlike
the plane wave method, the TMM method is applicable to the case of frequency-dispersion media. This
is because that the TMM method seeks the wave vectors for a given resonant frequency, while the plane
wave method finds the resonant frequencies for a given wave vector.

The electromagnetic scattering from periodic structures has been investigated by many methods,
including the mode-matching method [22]-[24], finite element method (FEM) [25]-[26], boundary
integral-modal (BI-modal) method [27], finite element-boundary integral (FE-BI) method [28]-[29],
integral-equation (IE) method [9], [30]-[34], T-matrix method [35]-[36], etc.

The mode-matching method is suitable to the canonical geometry, such as rectangular or circular
PEC patches or apertures perforated from PEC screens. The FEM, which is a full-wave approach, can
deal with the arbitrary shape and inhomogeneous media. The FE-BI method takes advantage of BI on
the top and/or bottom surfaces of one unit cell, instead of absorbing boundary condition (ABC) used
in the FEM. The application of BI is more accurate than that of ABC at the cost of the partially full
coefficient matrix.

The IE approaches for periodic structures can be formulated in spectral and spatial domains. The
former [9], [30]-[31] is limited to planar periodic metallic structures. In addition, the expansion of
electromagnetic (EM) quantities into Floquet’s modes has slow convergence rate. The latter can treat
the doubly periodic objects with arbitrary shape [32]-[34]. However, it calls for the efficient calculation
of the periodic Green’s function (PGF). Fortunately, some acceleration techniques have been proposed
to achieve the fast convergence for the PGF [37]-[40].

Every material consists of a collection of objects. When the objects’ sizes and spacing are much
less than the wavelength, the material can be described by the effective permittivity and permeability
which present the homogenous view of EM properties of the material [5], [7]. For the homogenization
problem, some researchers retrieved the effective parameters by the calculation of the band structure
[41]. This approach is not available in the frequency band gaps or when the materials are lossy. An-
other approach extracts the effective parameters from measured or simulated scattering parameters [42].
However, this approach may be unstable and inaccurate in some cases. Recently, a rigorous integral-

equation approach was proposed to homogenize the arbitrary periodic dielectric and/or metallic meta-

www.manaraa.com



materials [43]. This approach takes account into both spatial and frequency dispersions and is available

in the frequency band gaps.

1.1.3 Research work on periodic structure

In Chapter 2, several approaches for modeling of the wave propagation in 2-D structures are im-
plemented. First, the IE approach for scattering from the singly periodic array of 2-D PEC conducting
objects is described. Secondly, the hybrid IE-plane wave approach [19] is implemented to calculate the
band structure of the metallic crystals. The in-house code will provide with some numerical results to
validate the proposed approaches in Chapters 3 and 4.

In Chapter 3, an IE approach is developed to investigate the frequency response of a 2-D singly peri-
odic array. By the application of the equivalence principle algorithm and connection scheme (EPACS),
the case of the periodic array filled with different media in different layers can be treated [44]. The
computational domain first is restricted to one period of the multilayered array. In one period, each
layer can be treated as an individual cell. Then, the equivalence principle can be applied separately to
each individual cell to obtain the integral equations for equivalent currents on the outside boundary of
the cell and the perfect electric conductor (PEC) surface. In general, when the cells are not overlapping
or connected with each other, it is necessary to build up the relationship between them by applying IE
to their outside boundary [45], [46]. However, for the multilayered periodic structure, two neighbor-
ing cells are connected via the same interface. Thus, by combining the periodic boundary condition
(PBC) with the connection scheme, the relationship can be established between the currents or fields on
the topmost and bottommost surfaces. Finally, two integral equations on the topmost and bottommost
surfaces, which involve the periodic Green’s function, are required to establish the complete equation
system. After seeking the solution of equivalent currents on the topmost and bottommost surfaces, the
proper way is proposed to correctly calculate the current on the surface of PEC object.

Moreover, based on EPACS, an effective approach is proposed to handle the semi-infinitely layered
case in which one unit consisting of several layers is repeated infinitely along one direction. Each
unit can be regarded as a two-port network. For this semi-infinitely layered array, the impedance matrix

representing the relationship between the equivalent magnetic and electric currents on the top surface of
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each unit should be identical because the network is infinitely extended when one looks into it from the
top surface of any unit. Based on this fact, the equation for this impedance matrix can be established by
EPACS and solved using a proper iterative method. After obtaining the impedance matrix, the integral
equation on the topmost surface is required to construct the complete system of equations for solving
the fields or currents on the top surfaces. Then the reflection coefficients of Floquet’s harmonics can
be found. It should be mentioned that the direct IE approach definitely cannot handle the case of semi-
infinitely layered array since the number of unknowns for the direct IE approach will be infinite. Finally,
numerical results are given to verify the proposed approaches.

In Chapter 4, the electric field integral equation (EFIE) formulation in the spatial domain is em-
ployed to calculate scattering from doubly periodic array of PEC objects. The following three issues
about the IE approach are addressed.

Firstly, the special testing and basis functions are proposed to handle the problem with non-zero
normal components of currents at the boundary of one period. As we know, the computational domain
for periodic structures is restricted to one period. The objects with periodicity may be truncated by
the four-side periodic boundaries (PB). In this case, the electric current flowing out the boundary of
PEC surface may not be zero. If one adopts the Rao-Wilton-Glission (RWG) basis functions [47] to
expand the current, and treat the boundary in the manner which is applied to single PEC plate, namely,
does not assign unknowns on the boundary, the solution to the current will be probably inaccurate or
even wrong. This is because this procedure enforces the condition of zero outgoing current on the
truncated boundary of PEC. In our work, the special test and basis functions on the truncated boundary
are proposed to handle this problem.

Secondly, the relationship is addressed between the scattering from the PEC screen with periodicity
and its complementary structure. The Babinet’s principle for this dual problem has been proved in
several different ways [48]-[50]. This paper shows a simple way for proof of the Babinet’s principle
for periodic structures. In the proof, the IE formulation and periodic Green’s function are involved. In
addition, the relationship for the reflection and transmission coefficients between the PEC screen with
periodicity and its complementary structure will be given. For periodic apertures perforated from the

screen, one can apply integral equations about the electric current on PEC part of the screen. However,
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the unknown density near the aperture should be made large enough to achieve the accurate solution
for the scattering. In contrast, it will be easier to achieve the convergence of solution if one solves the
integral equation for the electric current on PEC patches in its dual problem. Then one may find the
solution for scattering from the apertures using the relationship mentioned.

Finally, the acceleration technique in [40] is applied to evaluate the PGF. It is with exponential
convergence rate and can be easily implemented. One can take advantage of the intrinsic function in
Fortran to evaluate the error function involved in [40] since its argument can be real number. The
formulations in this technique are appropriately modified so that the new form facilitates numerical
calculation for the general cases. Therefore, there will exist no obstacles to effectively evaluate the

matrix element of the IE approach.

1.2 Introduction to Part I1

It is well-known that the method of moments (MoM) [48] is one of the most important methods in
CEM because of its powerful ability in solving the integration equation of electromagnetic radiation and
scattering [52]. Like the numerical dispersion error analysis in finite element method (FEM) [53]-[54]
and finite difference in time domain (FDTD) [55], the MoM error analysis is an important topic in CEM
[56]-[61]. The error analysis of the MoM was performed with the error measure of current, boundary
condition, and scattering amplitude.

As mentioned by the researchers [56], the application of expansion and testing functions are one of
the most important factors contributing to MoM error. In fact, the various basis functions play important
roles in MoM. The application of the proper basis functions can facilitate the accurate and convenient
modeling of the complex electromagnetic problems [47], [62]-[64]. It is interesting to investigate the
error in projection of the equivalent current of plane wave using various basis functions [65]-[66]. The
projection error can serve as the reference for the MoM error analysis [56]. The study of the projection
error of the basis functions can indirectly demonstrate how the basis functions affect the accuracy of
MoM.

In Chapter 5, the projection error of various basis functions is investigated in details. The equivalent

current is expanded by various basis functions. Then application of the weighted residual method will
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yield the unknown coefficients of basis functions. After obtaining the coefficients, the projection error
can be found. The root mean square (RMS) error of current is used as the error measure since the
current is integrable. The numerical projection error of the triangular basis, the basis of their higher-
order version, and the divergence-conforming basis on rectangular and triangular elements are shown.
Furthermore, the closed forms of the projection error on the infinite meshes are derived. The basis
functions involved are pulse basis, triangular basis, the second-order basis in 1D case, the divergence-
conforming basis on rectangular element and the one-directional triangular element in 2D case. It is
found that the projection error of p-th order 1D basis is asymptotically inversely proportional to (p+1)-
th power of the density of unknowns. Based on the closed-form projection errors in 1D case, it is found
when the expansion basis is fixed, the application of different testing functions only affect the coefficient
of the projection error rather than the order. In addition, the error of divergence-conforming basis in
projection of curl-free vectors is generally less than that of divergence-free vectors. This is expected
since both the divergence-conforming basis and the expanded vector are with the same property, namely,

curl-free.
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CHAPTER 2 ANALYSIS OF WAVE PROPAGATION IN 2-D PERIODIC ARRAY OF
CONDUCTING OBJECTS IN FREE SPACE

The scattering and eignvalue problems for the periodic array of 2-D conducting objects have been
investigated by some researchers [19], [35]-[36], [67]-[68]. In this chapter, several approaches for mod-
eling of TMz wave propagation in 2-D structures are described. The implementation of the approaches
facilitates the provision of some numerical results to validate the proposed approaches in Chapters 3

and 4.

2.1 EM scattering from 2-D singly periodic array of PEC objects

2.1.1 Formulation

We assume the periodic PEC objects are infinitely long along z-axis. Figure 2.1 shows the infinite
periodic PEC cylinder array, whose period is P, along x-direction. The primitive lattice vector is
a; = 2 Pr. This array is located in free space. It is filled with the same media as the free space. One
unit can include multiple PEC objects, whose cross sections can be different. The incident plane wave
E"¢ = Ege /%P impinges on the array from free space. Its wave vector is given by k = &k, + Uky,
where k; = — 0y cos ¢;, ky, = —fosin¢;, By = w,/po€o, and ¢; are the incident angles. The case of
E-wave (TMz) is considered in this chapter.

According to the Floquet’s theorem, the current .J, satisfies
J.(x 4+ mPp,y) = J.(z,y)e ImkPL (2.1)

J(z,y) can be written as

Tz, y) = w(z,y)e k=" (2.2)
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Figure 2.1 Periodic PEC array with a period of P, along z-direction.

where w(z,y) is a periodic function of x and k; is the z-component of wave vector k = Tk, + Jk,.
The Bloch condition points out J, (x + Pr,y) = J.(x,y)e F*=Fr,
In view of the structure’s periodicity, the computational domain is restricted to one period of the

array. The electric field integral equation (EFIE) is given by [67]-[68]

JbBn /l J.(p)Gpdl = Ey e3P (2.3)
where
JR— .
Gp=1 > 1Y (8 — o = mP)? (g~ y)?) eIkl 2.4)
m=—o00

)

[ is the wave number and H(()2 is the zeroth order Hankel function of the second kind. It is easy

to see that when p — p/ = &mPyp, there exists the singularity in this spatial-domain form. When
(ky = B)Pr, = 2nm, one can apply the asymptotic form of Hankel function for the large argument to
find G), is still singular. Here m and n are integers. In addition to the form in the spatial domain, G,,

can be represented in the spectral form [68]

o0

1 1 N /
_ = = o Ymly=Y | jkem(z—x)
p = E e (2.5

2Py, '~ Ym

m=—

where
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From the spectral form, one can also note that when p — p’ = ZnPp, or (k, + 3)Py, = 2mm, there
exists the singularity. The space-domain form of G, has very slow convergence. The spectral-domain
form of G, has exponential convergence rate. Let u, = y — 3. When |u,| is large, it converges fast.
However, when |u,| is small, its convergence is still very slow. For this case, Veysoglu’s transformation

can be applied to speed up the convergence of G, [68]. Using Veysoglu’s transformation gives

Gz, y; 7,3/ ZGPH H(2> (B (x (y—9)?) 2.7

where

Gpe(z,y; 2,9 = L itk Pieise-a / f(Eke, £(x = 2),y — y/ ,u)du
T

fn(t t27 )
fd(kxatl, )

fn(tl,tg,u) = €_u2 Ccos (tQU\/u2 + Qjﬁ(PL — tl)/(PL — tl))

f(kxat17t27 ) -

Falhe,tr,w) = [1 = 7 A=/ PGt DR 2555 5(P, — )
The PEC boundary is discretized into linear elements. Using the pulse basis as the expansion function
and the point function as the testing function, one may obtain a set of equations about the coefficients

of the basis functions.

Zx=Db (2.8)
where

Zom = 31 / G (s s 2 )l
ln (2.9)

bm = Eg e Ikpm

Pm indicates the coordinate of the central point of the mth linear element. The integral in Z,,,, can be

approximated by
(1 2 8l
1 {1 — jzln e — 1]}ln
+ Gt (Tons Yms Ty Yn ), M =mn
/ Gp(xmaym§xlvy/)dl/ = Zi p ( m> Yms Tn yn) n (2.10)
In
L Gp(mMaym§l'n7yn)lm m#mn
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The scattered field I can be expressed as a superposition of the Floquet’s harmonics

o0
Ei= Y epe  Fomtemy @2.11)

m=—00

The Floquet’s harmonics are orthogonal with each other over one period in z. Assume the reference

plane is located at y = yg. Thus,

Py, )
E3(x,yo)e’kam®dy = e,, Pre~Vm¥0 (2.12)

=0

On the other hand, we can calculate the 7 after obtaining the current on the PEC
B = —jpn /l T.(0)Gydl 2.13)
From (2.12) and (2.13), one obtains
em = _jBZZijyO /xz /ZJZ(p')Gp]y:yodl'ejk"mxdm (2.14)

The reflection coefficient of the Oth harmonic is obtained by

Ry = 20 =12V~ k3uo (2.15)

Ey
2.1.2 Numerical results

To validate the implementation of the IE approach, several periodic structures are simulated. The
numerical results are compared with exact solution and those from the other approaches.

In the first example, the infinite PEC plate is simulated. The period of one cell is set to be Pr, = 0.3
m. The PEC plate is located at y = 0. The computational domain is confined to a straight line with
length L = 0.3 m along the x direction. The plane wave is obliquely incident on the PEC plate.
0; = 90° and ¢; = 30°. The electric field is along the z direction. The straight line is discretized into
41 linear elements. Figure 2.2 shows the current distribution on the PEC plate at f = 0.3 GHz. The
current is normalized by Ey. Figure 2.3 shows the reflection coefficients Iy as a function of the electric
size of one period Pr.. From these two figures, good agreements can be observed between the numerical
results and exact solution.

The second example is to simulate the PEC gratings. The period of one cell is set to be Pr, = 0.3

msThe straight-line-is-with-length L = 0.15 m along the = direction. The plane wave is normally
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£ X 10°° . .
—Re(Jz) (Exact)
at > Re(Jz) (IE) |
- --Im(Jz) (Exact)
al ° Im(Jz) (IE)

QQGGGGOOOQ

40009 _

Jz

0 0.05 0.1 0.15 0.2 0.25 0.3
X (m)

Figure 2.2 Current distribution on the infinite PEC plate at f = 0.3 GHz. L = P, = 0.3 m. 6; = 90°
and ¢; = 30°.

0.5

(0$-0-0-0-00000© 66 6600000000666 66C-0000000060009

_Re(RO) (Exact)
> Re(R) (IE)

S Im(RO) (Exact)
o Im(R,) (IE)

0.2 0.4 0.6 0.8
PL/}\0

Figure 2.3 Reflection coefficient Ry of the infinite PEC plate. L. = P, = 0.3 m. 6; = 90° and
¢; = 30°.
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incident on the PEC plate, i.e., §; = 90° and ¢; = 90°. Figure 2.4 shows the reflection coefficient of

the gratings.

Ryl

0.7t

0.6}

0.5

—IE
o Peterson et al.

0.2

0.4 0.6
PL/)\O

0.8

Figure 2.4 Reflection coefficient Ry of the gratings. L = 0.15 m and P, = 0.3 m. 6; = 90° and

¢; = 90°. The circle indicates the results taken from [67].

The third example is to simulate the periodic array of PEC circular cylinders. The radius of the

circle is R = 0.06 m and P;, = 0.4 m. The plane wave is normally incident on the cylinders. Figure

2.5 shows the reflection coefficient of the periodic array of PEC circular cylinders.

2.2 Eigenvalue problem of doubly-periodic PEC structure

2.2.1 Formulation

Assume a; and ay are the primitive lattice vectors for the doubly-periodic structure. The reciprocal

primitive lattice vectors by and bs can be obtained by

2
blzﬁﬂ-agxf

2
bQ—ﬁﬂ-ZA’Xal

(2.16)
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1 .
—IE
+ T—-Matrix, Kushta et al.

0.8f -

0.6f -
N—
o
o

0.4} -

0.2f -

8.4 0.5 0.6 0.7 0.8 0.9 1

PL/)\O

Figure 2.5 Reflection coefficient R of the array of PEC circular cylinders. R = 0.06 m and P, = 0.4
m. #; = 90° and ¢; = 90°. The dot indicates the results taken from [35].

where 2 = |a; x ag|.
The relations between primitive and reciprocal lattice vectors are
an - by =270 (2.17)

where 0,,,,, is the Kronecker delta function.

The pseudo-periodic Green’s function ®,, for the doubly-periodic structure satisfies
V2P, + 8P, = — Y _d(u— pr)e /F (2.18)
I

where u = p — p/, pr = Lal + Lay, and I = (I3, I5).

The Poisson’s summation formula is

> fla—pre i =3 éF(k + ky)e I kFra)u (2.19)
I J

where ky = J1by + Jobge, J = (J1, J2), and F(k) is the 2-D Fourier transform of f(p). Applying the
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Poisson’s summation formula, the right-hand side of (2.18) can be transformed into

= d(u—pre e =—_%" ée—ﬂkﬂﬂ)'“ (2.20)
I J

In terms of the Floquet’s theorem, the pseudo-periodic Green’s function can be expanded into the Flo-
quet’s modes

Op(u) = Y Cyedtra)u (2.21)
J

Substitution of (2.21) and (2.20) into (2.18) yields

1
Cy = 2.22
1= Akt P - 57 (2.22)
Thus, ®,(u) is represented by
]_ e_j(k“l‘K'J)'u
P = — _— 2.23
P(u) QO ; |k+ KDJ|2 — 52 ( )
In addition to (2.23), ®,, has the other two forms, namely, the form in the spatial domain
1 2 _ik
Pp(u) = - EI:HS (Blu — pyf)eTkn (2.24)
and the form in the spectral domain [19]
®,(u) =Py +T'p (2.25)
where
1 e Jkn, 0
o cemludl
" 2lay| ; Tn
(2.26)

1 e Jkn,|u e—’Yn(|a2J_|3FuJ_)
Ty = Z ’ Z las 1 | £jk
2’all Yn T el@2L|T)Rn, 1 e_|a2L|'Yn

Yn = 1/ |Kn,||? = 6% kn = k+nby, k,, | is the projection of k,, onto a; direction. &, 1, az 1,and u
are the projections of k,,, ag, and u onto a unit vector normal to a;, respectively.

The form in the spatial domain converges very slowly. The form in the spectral domain has fast
convergence when |u | | is large. When |u | is small, @z converges slowly. The acceleration technique

for G, can be applied to speed up the convergence of ® .
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In [19], the following auxiliary differential-integral system are proposed, which has the same band

structure as the 2-D metallic crystal.
V3¢ + 3 (¢ + / wd,ds’) =0 (2.27)
C

o(p) + /C w(p')®y(p, p)dl' =0, pecC (2.28)

where C' is the boundary of the PEC object. It has been proved in [19] that he auxiliary function ¢ has
the continuous derivatives up to the second order in the unit cell. This is why the plane-wave expansion

of ¢ converges fast. F, is related to the auxiliary function ¢ by

E.(p) = ¢(p) + /C w(p')®p(p, p')dl (2.29)

®,, is the pseudo-periodic function at 3 = 0, and ¢ can be expanded into the Floquet’s modes

é(p) = _csga(p) (2.30)
J
where
1 .
93(p) = ﬁe‘“““‘”’p 2.31)

gy is with the orthogonality over the unit cell €2

/Q 93, (P)g3,(P)ds = 63,3, (2.32)

Substituting (2.30) into (2.27), multiplying gy on both sides of (2.27), and integrating over §2, one

obtains
2

(8 — [k + Ka?)es + /C w(p)g(p)dl' = 0 (2.33)

|k—|—l£,]|2

Thus,
_1 1 / * / / 1
k + RJ|2CJ + k + nJ_|4 Cw(P )g3(p")dl" = @CJ (2.34)

Substituting (2.30) into (2.28) and using the point-matching method, one can obtain

w=—-A;'Ac (2.35)

where

Cs ... Cs (2.36)
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T
W=\ w ... W ... WR 2.37)
g1(p1) - gs(p1)
Ay = : : (2.38)
g1(pr) -+ 9s(pr)
L 4 RxS
fl plpr,p)dll - [ @y(p1, p)dl!
Az = : : (2.39)
ﬁ pR7 dl/ e fl pRa dl/
4 RxR

The index 7 in w, and p, corresponds to the rth point function, and s in ¢s; and g5 corresponds
to the sth Floquet’s mode. R and S are the number of the pulse basis functions and Floquet’s modes,

respectively. Discretizing (2.34) and applying (2.35) yields

1

(A1 — A2A51A4)C = @C (240)
where i ]
.
|k+r1]2
Ar= (2.41)
1
L |k+K,5|2 1 sxs
T g endl - e [ i (pr)dl
Az = : : (2.42)
i n 95(P0)dL o e [, 95(p1)dl SxR

(2.40) is a standard eigensystem with the eigenvalues of 315 The subroutines from Netlib are employed
for solving this eigenvalue problem. The LZ algorithm is applied in the subroutines.
2.2.2 Numerical results

In this example, the circular PEC cylinder in the square unit cell is simulated. Their geometrical
centers coincide with each other. a; = Za and ag = ¢a. The radius of the cylinder is R = 0.26a.

Figure 2.6 shows the band structure, i.e., k — 3 diagram.
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Figure 2.6 Band structure of a doubly periodic array of PEC circular cylinders. R = 0.26a. The circle
indicates the results taken from [19].
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CHAPTER 3 INTEGRAL EQUATION ANALYSIS OF SCATTERING FROM
MULTILAYERED PERIODIC ARRAY USING EQUIVALENCE PRINCIPLE AND
CONNECTION SCHEME

Recently, the domain decomposition method (DDM) has attracted much attention from the society
of computational electromagnetics because of its potential capability and advantages in solving electri-
cally large problems with complex structures. It is natural to apply the DDM to differential equation
methods, such as the finite element (FE) [69]-[71] and finite-difference (FD) methods [72]. In addition,
DDM also can be employed via the integral equation (IE) method with the aid of the equivalence prin-
ciple [45]-[46], [73]-[75]. Specially, the integral equation method using periodic boundary condition
and a connection scheme is used for modeling of multilayered lossy periodic structures in [44]. This
approach can handle the case of the metallic patches at the interface between layers or on the periodic
boundary.

In this chapter, an IE approach is developed to investigate the frequency response of a singly-
periodic array. By the application of the equivalence principle algorithm and connection scheme (EPACS),
the case of the periodic array filled with different media in different layers can be treated [44]. The com-
putational domain first is restricted to one period of the multilayered array. In one period, each layer
can be treated as an individual cell. Then, the equivalence principle can be applied separately to each
individual cell to obtain the integral equations for equivalent currents on the outside boundary of the
cell and the perfect electric conductor (PEC) surface. In general, when the cells are not overlapping or
connected with each other, it is necessary to build up the relationship between them by applying IE to
their outside boundary [46]. However, for the multilayered periodic structure, two neighboring cells are
connected via the same interface. Thus, by combining the periodic boundary condition (PBC) with the

connection scheme, the relationship can be established between the currents or fields on the topmost and
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bottommost surfaces. Finally, two integral equations on the topmost and bottommost surfaces, which
involve the periodic Green’s function, are required to establish the complete equation system. After
seeking the solution of equivalent currents on the topmost and bottommost surfaces, the proper way is
proposed to correctly calculate the current on the surface of PEC object.

Moreover, based on EPACS, an effective approach is proposed to handle the semi-infinitely layered
case in which one unit consisting of several layers is repeated infinitely along one direction. Each
unit can be regarded as a two-port network. For this semi-infinitely layered array, the impedance matrix
representing the relationship between the equivalent magnetic and electric currents on the top surface of
each unit should be identical because the network is infinitely extended when one looks into it from the
top surface of any unit. Based on this fact, the equation for this impedance matrix can be established by
EPACS and solved using a proper iterative method. After obtaining the impedance matrix, the integral
equation on the topmost surface is required to construct the complete system of equations for solving
the fields or currents on the top surfaces. Then the reflection coefficients of Floquet’s harmonics can
be found. It should be mentioned that the direct IE approach definitely cannot handle the case of semi-
infinitely layered array since the number of unknowns for the direct IE approach will be infinite. Finally,

numerical results are given to verify the proposed approaches.

EinC

b;

y
&1 Q Layer 1 0 X
Hr1 Py
-0 O O™
Hr2

. - O O O™
Hrn

Figure 3.1 Multilayered infinitely periodic PEC array with a period of P, along x-direction.
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3.1 Formulation

In this chapter, a 2-D scattering problem is considered. The scatterers are assumed to be infinitely
long along z-direction. Figure 3.1 shows the N-layer infinite periodic PEC cylinder array, whose period
is Pr, along x-direction. This array is located in free space. It is filled with different media with relative
permittivity ¢,; and permeability u,.; in different layers (¢ = 1,2,--- , N). €; and u,; can be complex
numbers. The PEC objects are buried inside the media and their cross section may vary from layer to
layer. The incident plane wave E"¢ = Ege /%P impinges on the array from free space. Its wave vector
is given by k = Tk, + gk, where k; = —[g cos ¢;, ky, = —Bosin ¢;, Bo = wy/po€o, and ¢; are the

incident angles.

3.1.1 Multilayered array of PEC

i Q
Hy2

Cdl 2

Cell N

Figure 3.2 Cells in each layer.

Because the array is infinitely periodic along z-direction, one may consider just one cell in each
layer shown in Figure 3.2. In this work, the TMz case is considered. Without loss of generality, the

integral equation is applied to Cell 1 shown in Figure 3.3. Assume F,; and J,; are the electric field
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and current on the interior side of outer surface C,, respectively. FE,; includes Eji, Frq, Ey1, and
Ey. Jo1 includes Jjq, J1, Ji1 and Jp; . J; is the electric current on the inner surface C; (i.e. PEC
surface), as shown in Figure 3.3. A problem equivalent to the original problem internal to C, can be
set up as follows. Let the original field exists internal to C, with the original medium, and null field
exists external to C, with the same medium as the original one internal to C,,. To support this field, the
equivalent magnetic and electric currents (M = 7F,, J = 2J,) must exist on C,. Hence, the electric

field integral equations (EFIE) can be found

1 oG
_5 ol + Jﬂl’]’]l (AZO —_ Azz) +f E01 8n} dll = O, on Co
C
° 3.1
. oG, G-
Jﬂlnl (Azo - Azz) + EOlel =0, on C;

where

A= / Jot ()G (p, p)dl

AziZ/ Jil(l/)Gl(p,p’)dl,
C;

061 _

on/ = (t X 2) . VGl
(2)
AN HO (BIR)
Gi(p,p') = 4

R=|p—p'|, B1=DPovlrer.

Eyy  Ju C,

Eyp I Cdl 1

Figure 3.3 Unknown field and current on the interior side of the outer surface C, and inner surface C;
of Cell 1.

www.manharaa.com




23

Because the relative permittivity and permeability in the Green’s function can be complex numbers,
the present approach can handle the case where the media in each layer are lossy. Then, discretization

of the integral equations yields
0=A4g,E,E0n + Ag,1,J01 — Ag,J;Jin (3.2)

on C, and

0=AseFor + A g,Jon — At Jit (3.3)
on C;. Assume the dimension of F,;, J,1, and J;; to be N1 x 1, N7 x 1, and Na x 1, respectively.
Ag,E,, ABy g, AE g, AJiE,» AJ,g,, and Ay, j, are matrices with the dimensions Ny x Ny, Ny x Ny,
N1 X Na, No x N1, No x Ni, and Ny x Ng, respectively. Then, the unknowns J;; on C; can be
eliminated and the information on C; can be transferred to the outer surface C,. From (3.3), one can

get

Jiv = A7Y (Asg,Eot + Agi,Jo1) (3.4)

Substituting (3.4) into (3.2) yields,
TE, =8Jn 3.5

where

T = —AEDJiA;i{]iAJiED + AEOE‘O
S =Ag,5A7Y A, — Ag,J,
In order to obtain the relationship between the top and bottom surfaces, the unknowns on the left

and right sides of the cell have to be eliminated by applying the periodic boundary condition

En = Elle_jkz Fr

(3.6)
Jp1 = —Jpe Ik lr
Through the matrix manipulation, one can obtain
Fal _po | 0 3.7)
Ep J1
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where R(Y) can be rewritten as

R = (3.8)

The details for derivation of R(") are given in Appendix A. In a similar manner, for layer ¢ + 1, one can

obtain
Eyiv1) _ pli+) Jii+1) 3.9)
Epiv1) Ip(it1)
where R(+Y) is found by replacing €1 and f,1 with €,(;41) and /1,11y If each layer is identical, it
holds that R(+1) = R() (4 = 1,---, N —1), which indicates that one can save CPU time for creating
RU+1).

In the next step, the connection scheme will be applied to eliminate the unknowns between Layer 1

and Layer N. From (3.7), one gets the initial relationship

Ey Jn

=AW (3.10)
Ep Ju1
where

AW — p()

Assume the following relationship has been found between Layer 1 and Layer: (1 <7 < N — 1)

E ) J
i YION Bt 3.11)
Ey; Jbi
where
o480 a8

Ay A7

Combining (3.9) and (3.11) and using the boundary condition of continuity of the tangential field

Ey;i Ey
— | Ty (3.12)
Ibi —Jii+1)
one can get the relationship between Layer 1 and Layer ¢ + 1
B qam | 0 (3.13)
Epit1) I(it1)

www.manharaa.com




25

where

i i i i+1)y—1 4 (i i it1 it+1
o _ | AR AR RED AR AR ]
i+1 i it1)y—1 4G it+1 it+1 i+1 it1
R ¢ REDYIAY ARG - RS + R RG
Thus, one can recursively find the relationship between Layer 1 and Layer N by using (3.14)

En Jn

= AW (3.15)
Epn Jon

It should be noted that if each layer is identical, the logarithm algorithm can be applied to speed up the

procedure for finding AN). For N = 250, the N-time process of applying the connection scheme can

be reduced to that of L times by replacing R(*1) with A in (3.14).

In addition to (3.15), two more conditions are required to solve the scattering problem. On the top

surface of Layer 1, the following equation holds

Ene = fE +]ﬁ0770/ L(1)Gpdl! (3.16)
where
Z ﬁo’P p— xMPLD o—ikaMPL
N 4j
since 68 = 0 for the flat surface, { E,( np dl’ is dropped. G, is the periodic Green’s function in

free space, and can be efficiently and accurately calculated by using Veysoglu’s transformation or the

other transformations [67], [68]. Discretization of (3.16) yields
E™ = Ag, 5, B + Ay g, Jn (3.17)

And on the bottom surface of Layer IV,

1
0= §E +350?70/ (1) Gpdl! (3.18)
Discretization of (3.18) yields
0 = AEbNEbNEbN + AEbNJbNJbN (319)

Actually, (3.16) and (3.18) are obtained by setting up the problems equivalent to the original prob-

lem-above-the topmeost.surface and below the bottommost surface, respectively. Because there is no
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source exciting the incident field in the region below the bottom surface of Layer NV, no incident field
contributes to the total field in (3.18).

Combining (3.15), (3.17), and (3.19) yields

_ T -
C| En Eyn Ju Jyn } = [ E™ 000 } (3.20)
where ) i
Ap, B, 0 Apy g 0
O — 0 AE,nEyy 0 AR dun
ro A
I

Moreover, the formulations are applicable to the case in which there is no PEC object inside the cell

through just replacing 71" and S in (3.5) by

T = AEoEo
(3.21)

S=—-Ag,J,

After solving (3.20), the other fields and currents of all the cells can be calculated. There are two
ways to attempt this. The first one is to get Fp; and Jp; by using (3.7) since Ej; and Jy; have been
found. Similarly one can obtain Fy; and Jy; (1 < ¢ < N) layer by layer from the top to bottom with

the aid of (3.12) and (3.9). Unfortunately, the condition number of R%) is extremely large so that one

cannot accurately calculate the inverse of R%) which is required to solve (3.7) for Ey; and Jp;. Thus,

one should abandon the first way and consider the other way. In fact, during the procedure of achieving

(3.13), one can find

A Jn
_ 50 (3.22)

Ibi Jb(i+1)
where

7 7 i+1)\ — 1 7 7 i+1)\ — i+1
(1 AQAS) + FED)1) 4D AD(AY + )1 RE

B — (3.23)

—(AS + R{TY) AL (A5 + R{T)LREG
Because J;; and Jpn are known from (3.20), one can obtain recursively Ejp; and Jp; from the bottom to

top:by-using(3:22)--For.Celll, £}, F,1, J;1, and J, are obtained through (A.4) (in Appendix A) and
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(3.6). Then one can find the current J;; on the PEC by using (3.4). In the same manner, the current on

the PEC of the other cells can be found. Numerical results will be shown to verify the second way.

3.1.2 Semi-infinitely layered array of PEC

Assume a unit consisting of Ny (Ng > 1) layers is repeated infinitely along —¢ direction. Each unit
must be identical to the other units. However, it is unnecessary for each layer to be the same in one
unit. Each unit can be regarded as a two-port network and the semi-infinitely layered array is equivalent
to the connection of infinite number of two-port networks. For this semi-infinitely layered array, the
impedance matrix representing the relationship between the equivalent magnetic and electric currents
on the top surface of each unit should be identical because the network is infinitely extended when one
looks into it from the top surface of any unit. Let P denote each of these impedance matrices. Thus,

by using the tangential continuity condition one obtains

En = FyJun
(3.24)
Eyny = —FPoJyn,
On the other hand, as discussed in the above subsection, by using EPACS one gets
En AWNo) 4 (No) Ji
t _ 11 12 t (3.25)

N N
4 Wo) Aéz())

Eyn, 51 JoNg

where A(No) can be obtained by making use of (3.14) or (3.10). Using the second set of equations from

both (3.25) and (3.24), one can get
Tong = —(Po + AS)=145) 7,y (3.26)
Substitution of (3.26) into the first set of (3.25) gives
Eu = [A[") — ARY (R + AGY) 1 AR ) (3.27)
Comparing (3.27) with the first set of (3.24), one can achieve

Py = AR — A0 (P 4+ AGP) 1 AS (3.28)
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(3.28) is an equation for unknown matrix Fy. It is impossible to find the explicit solution for Fy.

However, it can be solved by using the iterative procedure
Xn+1 = Xpn + X, — f(X)] (3.29)

where « is a relaxation factor, and X is a matrix to be determined, which satisfies X = f(X). Com-

bining (3.17) and the first set of (3.24) gives the complete system of equations

AEnEn  ABnJn En _ Ene (3.30)
1 P Ju 0
After obtaining Fy; and Jy;, one can find Ejp; and Jp; by using (3.24) and (3.26). Following the
procedure similar to that for multilayered array, Ej, Eyrq, Ji1, and J;; are obtained and then J;; can be
found. In the same manner, one can find the current on PEC surface of the other cells starting from top
and going downwards.

Similarly, this approach is applicable to the semi-infinitely layered array without PEC objects inside

each layer by means of (3.21).

3.1.3 Floquet’s harmonics of scattered fields

The reflection coefficient of Floquet’s harmonics can be found after seeking the solution to the
integral equation. In this subsection, the expression for the reflection coefficient will be given.

The scattered field I can be expressed as a superposition of Floquet’s harmonics [4]

z

o0
Ei= Y eme et ViR sy, (3.31)

m=—00
where Ky, = ki + 2mn/Pr. Here y is the y-coordinate of the top surface of Cell 1. The Floquet’s
harmonics are orthogonal to each other over one period along the x direction. Assume the reference

plane is located at y = yg. Thus,

PL ; 2 2

ES (2, y0)e’**m®dx = ey, Pre™VFem=Pouo (3.32)
=0

On the other hand, E? is given in terms of E, and J, on the top surface of Cell 1

gl

= SB- o [ Jp)Gyl (333
l

www.manaraa.com



29

From (3.32) and (3.33), one gets

eV k2,,—B2yo /PL
X

Py,

Em =

1 .
[—jﬁono / J(p")Gply=yodl’ + B eIham® gy (3.34)
=0 l

In terms of the definition of scattering matrix in [4], the reflection coefficient of the zeroth propagating

harmonic can be expressed by

Ry = 20 o~32v/B3—K3wo (3.35)

Ey

When there are no PEC objects inside each layer, the scattering problem reduces to that of reflection
of incident wave from multilayered media. For this case, only zeroth harmonics exists, and Ry is the
reflection coefficient of the incident wave from the planar boundary of infinitely extended media. F,
and J, in (3.34) have been found through (3.20) and (3.30) for cases of multilayered and semi-infinitely

layered array, respectively.

3.2 Numerical results

3.2.1 Multilayered periodic array

In the following examples, each cell is assumed to be square. In the first example, we consider a
PEC object that is a circular cylinder with the radius R = 0.15F;,. All layers are identical with medium
of free space. Here the point matching and pulse basis function are applied to obtain the numerical
results. The TM wave is incident normally. The numerical results can be found alternatively by directly
solving the EFIE applied on the PEC surface [4], which does not involve the equivalence principle
and connection scheme. The direct IE approach employs the periodic Green’s function instead of the
free-space Green’s function. The number of elements are 80 and 40 for outside boundary and the PEC
surface, respectively. In the direct IE approach, 40 elements are applied to each PEC object surface.

Figures 3.4 and 3.5 show the power reflection coefficient of the zeroth Floquet’s harmonic for the
one-layer and four-layer cases, respectively. The Fortran program, which is used to calculate the power
reflection coefficient, is run on a PC with a 3.2 GHz processor. The CPU time is about 1.5 seconds for
each frequency point. There is a good agreement between results from the present approach, and the
direct IE and the T-matrix approaches for the one-layer case. Also, the good agreement can be observed

between-results-from-the.present approach and the direct IE approach for the four-layer case.
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— Present approach
o Direct IE approach
+ T-matrix, Kushta et al.

0.4¢
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L
Figure 3.4 Power reflection coefficient of the zeroth Floquet’s harmonic of 1-layer array of circular
PEC cylinder. R = 0.15P;, ¢,1 = 1, and p,; = 1. The results of the T-matrix method are
taken from [35].

—Present approach
o Direct IE approach
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Figure 3.5 Power reflection coefficient of the zeroth Floquet’s harmonic of 4-layer array. R = 0.15P;,
€pg — 1,anduri :l(i: 17-“ ,4).
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— Present approach
o Direct IE approach

0] 100 200 300
@ (Degree)

Figure 3.6 Current distribution on circular PEC cylinders of a four-layer array. R = 0.15F; and
Pr=04)\g. ¢pi=1l,and ppy =1 (2 =1,--- ,4).

Figures 3.6 and 3.7 show the current distribution on PEC surface of the four-layer array at Py, =
0.4X0 and 0.9, respectively. ¢ is the polar angle about the respective circle center. The results agree
well with that of direct IE approach. As shown in Figure 3.5, most of energy is reflected at Pr, = 0.4\,
and thus wave can hardly pass through the array. Therefore, the induced current on PEC decreases as
the layer index increases. By contrast, the current does not decrease as the layer index increasing at
Pr, = 0.9 since this frequency point is within the passband.

The second example is the three-layer array filled with a lossy medium but without PEC objects
inside the cell. Figure 3.8 shows the reflection coefficient of the zeroth Floquet’s harmonic Ry for
the three-layer array without PEC object inside. The medium in each layer is lossy. €1 = 1 — 50.2,
€ro =2—30.2, 6,3 =4—350.2, up1 = 1, ptro = 2, and p,.3 = 1. The CPU time is about 2.0 seconds for
each frequency point. There is a good agreement between results from the proposed approach and the
analytical solutions. Figure 3.9 shows | Rg|? for the same array with and without the circular PEC object
of R = 0.15Pr,. Compared with the array without PEC, the array with PEC has the larger reflection at

lower frequencies.—The . PEC.objects inside the array play important roles in changing the reflection at
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x 10

— Present approach, Layer 1
o Direct IE approach, Layer 1
- - -Present approach, Layer 2
¢ Direct IE approach, Layer 2

|3z| (A/m)

3 L L L
0 100 200 300
¢ (Degree)
(a)
x 10" . .
— Present approach, Layer 3
o Direct IE approach, Layer 3
8 - - -Present approach, Layer 4 ||
¢ Direct IE approach, Layer 4

|dz| (A/m)

0 100 200 300
¢ (Degree)
(b)

Figure 3.7 Current distribution on circular PEC cylinders of a four-layer array. R = 0.15P;, and
PL = 09)\0 €r; = l,anduri =1 (Z = 1,"' ,4)
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o Present method
0.15f Y — Analytical solution

0.05¢

Real(R o)
(@)

—-0.05}

0.4 0.5 0.6 0.7 0.8 0.9 1
PL/)\O

(a) Real part

o Present method
0.15¢f . — Analytical solution

0.4 0.5 0.6 0.7 0.8 0.9 1
PL/7\o

(b) Imaginary part

Figure 3.8 Reflection coefficient Ry of three-layer media. ¢,y = 1 — j0.2, .0 = 2 — 50.2,
€3 =4—70.2, ptp1 =1, 2 = 2, and pr3 = 1.
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lower frequencies.

0.7 T r r

—With PEC
- --Without PEC||

0.6

0.5

0.4

2
Ryl

0.3

0.2

0.1

Figure 3.9 Power reflection coefficient | Ry|? of three-layer media and periodic circular PEC array.
R =015Pr, 6,1 =1 — 702, 0 = 2 —50.2, €43 = 4 — 50.2, ptp1 = 1, ppo = 2, and
prz = 1.

Figure 3.10 shows the reflection coefficient of a PEC array with 64 identical layers. Each layer
has ¢, = 2 — j0.2 and p, = 2. As shown in this figure, using logarithm algorithm leads to little
change in Ry compared to the scheme without the logarithm algorithm. Thus, it is stable to use the
logarithm algorithm for the solution of Ry. Figure 3.11 gives a whole picture for the average CPU time
per frequency point versus the number of layers. The CPU time for each connection is short because
the number of unknowns for each cell is small. Hence, CPU time does not change too much as the
number of layers increases for both schemes with and without the logarithm algorithm. However, for
the three-dimensional (3-D) case, the number of unknowns for each cell will increase significantly. In
this situation, the logarithm algorithm is expected to play an important role in reducing the CPU time
when the number of layers is large.

The integral equation is locally applied to each cell. When N is large, the total CPU time is mainly

for constructing R%) (i is from 1 to V') since the part of CPU time for connection of matrix is negligible.
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0.6

— With log. algorithm
o Without log. algorithm

0842 05 06 07 08 09 1
PI_/)\0
(a) Real part
0.8 - - -
— With log. algorithm
0.6t o Without log. algorithm

Imag(R 0)

0.4 0.5 0.6 0.7 0.8 0.9 1
PL/)\0

(b) Imaginary part

Figure 3.10 Reflection coefficient Ry of PEC array with 64 identical layers. R = 0.15P;,

€ =2 —70.2and y, = 2.
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Thus, the CPU time increases linearly with the number of layers. If each layer is identical (indicating
R® = RW), the CPU time is just for constructing R()) and so independent of N. Thus, one can
significantly save the CPU time. Furthermore, the times of connection will be reduced from N — 1
to logy N. However, if the integral equation is applied directly to N PEC objects, the computational
complexity is O(IN?) without application of the fast algorithm. Thus, the present approach has com-
putational advantages over the direct IE approach when N is large. In addition, when N is large, the

memory requirement for the present approach is also much smaller than that for direct IE approach.

10 T r

—e—\Without log. algorithm
——With log. algorithm

00

Average CPU time (s)

10° 10°
Number of layers

Figure 3.11 Average CPU time per frequency point versus number of layers. R = 0.15F;,
€ =2 —30.2and p, = 2.

3.2.2 Semi-infinitely layered periodical array

Before a solution of reflection coefficient of semi-infinitely layered array can be found, it is inter-
esting and necessary to investigate the convergence of Fy. In the following example, the unit being
repeated infinitely consists of one layer, namely, Ny = 1. The cell corresponding to each layer is

squates»The - PEC.object-with.radius 0.15 P, is located at the center of the cell. The media inside each
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Figure 3.12 Convergence of F with and without circular PEC cylinder. €, = 4 — 0.2 and p, = 2.

0.5 ' x x x
— Real (Present method)
0.4f > Real (Analytical solution)
- --lmag (Present method)
0.3r o Imag (Analytical solution)
0.2f |
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Figure 3.13 Reflection coefficient Ry of semi-infinitely layered array without PEC object.
€ =4 —350.2and p, = 2.
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— Semi-infinite
0.8f o 4-layer
0.6 == 2-layer
- -=-1-layer
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(a) Real part
! — Semi-infinite
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- ==1-layer
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(b) Imaginary part

Figure 3.14 Reflection coefficient I?( of semi-infinitely layered and multilayered array of circular PEC
cylinder. R = 0.15Pr, ¢, =4 — 0.2, and p, = 2.
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cell has ¢, = 4 — j0.2 and u,, = 2. The initial value of elements in Fy is set to 1.0, and the relaxation
factor is set to « = —0.1. Figure 3.12 shows a good convergence of Py for Pr, = 0.4)\g. The relative

error is defined as "
n _ pn
max(| Py gy — Foti )

(3.36)

Error = II%%X(‘P&Z;) )
It is worth pointing out that the convergence of Py may suffer from the resonance problem of inte-
gral equation if the media filled in the cells are lossless. The promising remedy is the application of
combined field integral equation (CFIE) [76], which will be investigated in our future work.

In addition, Figure 3.13 shows the reflection coefficient of semi-infinitely layered array without PEC
objects. There is a good agreement between the results from the proposed methods and the analytical
solution. Finally, the reflection coefficient for the semi-infinitely layered array with PEC objects is
calculated and compared with that for one-layer, two-layer, and four-layer circular PEC cylinder array.
The average CPU time for each frequency point is about 2.2 and 2.4 seconds for the cases with and
without PEC objects, respectively. The memory requirement is about 6 MB. Because the media are
lossy, when the number of layer increases, the solution should converge to that of the semi-infinitely

layered array. Figure 3.14 shows the convergence of the reflection coefficient. When the array has four

layers, the results are very close to that of the semi-infinitely layered array.
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CHAPTER 4 INTEGRAL-EQUATION ANALYSIS OF SCATTERING FROM
DOUBLY PERIODIC ARRAY OF 3-D CONDUCTING OBJECTS

In this chapter, the electric field integral equation (EFIE) formulation in the spatial domain is em-
ployed to calculate scattering from the doubly periodic array of PEC objects. The following three issues
about the IE approach are addressed [83].

First, the special testing and basis functions are proposed to handle the problem with non-zero
normal components of currents at the boundary of one period. As we know, the computational domain
for periodic structures is restricted to one period. The objects with periodicity may be truncated by the
four-side periodic boundaries (PB). In this case, the electric current flowing out of the boundary of the
PEC surface may not be zero. If one adopts the Rao-Wilton-Glission (RWG) basis functions [47] to
expand the current, and treat the boundary in the manner which is applied to single PEC plate, namely,
does not assign unknowns on the boundary, the solution to the current will be probably inaccurate or
even wrong. This is because this procedure enforces the condition of zero outgoing current on the
truncated boundary of PEC. In our work, the special test and basis functions on the truncated boundary
are proposed to handle this problem.

Second, the relationship is addressed between the scattering from the PEC screen with periodicity
and its complementary structure. The Babinet’s principle for this dual problem has been proved in sev-
eral different ways [48]-[50]. This chapter shows a simple way for proof of the Babinet’s principle for
periodic structures. The proof involves the IE formulation and periodic Green’s function. In addition,
the relationship for the reflection and transmission coefficients between the PEC screen with periodicity
and its complementary structure will be derived using the IE approach. It should be mentioned that this
relationship also can be obtained from Babinet’s principle [51]. For periodic apertures perforated from

the screen, one can apply integral equations about the electric current on the PEC part of the screen.
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However, the unknown density near the aperture should be made large enough to achieve the accurate
solution for the scattering. In contrast, it will be easier to achieve the convergence of solution if one
solves the integral equation for the electric current on PEC patches in its dual problem. Then one may
find the solution for scattering from the apertures using the relationship mentioned.

Finally, the acceleration technique in [40] is applied to evaluate the PGF. It has exponential conver-
gence rate and can be implemented easily. One can take advantage of the intrinsic function in Fortran
to evaluate the error function involved in [40] since its argument can be real number. The formulations
in this technique are appropriately modified so that the new form facilitates numerical calculation for
the general cases. Therefore, there will exist no obstacles to effectively evaluate the matrix element of

the IE approach.

4.1 Formulation

Figure 4.1 Unit cell including the 3-D PEC object in a skew 2-D lattice.

Figure 4.1 shows the unit cell including the 3-D PEC object in a skew 2-D lattice. a; and as
are the primitive lattice vectors in the xy-plane. Without loss of generality, let (a; x ag) - 2 > 0.
E™¢ = (f cos a + ¢sin ) Egexp(—jfk - r) is the incident electric field. « is the polarization angle.
k= —(2sin @ cos @' + §sin B sin ¢' + 2cosf?) and 3 = w,/pe. The incident plane wave of 6-
and ¢

polarization (o = (0° polarization (v = 90°) are the Oth-order TMz and TEz Floquet’s modes,
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respectively. Here, TMz (TEz) indicates the magnetic (electric) field transverse to z-direction.

4.1.1 Basis and testing functions and EFIE matrix equation

The EFIE is based on the boundary condition that the total tangential electric field on the PEC
objects is zero. It is expressed as [77]-[78]

Jwit {/[Js(r’) + ;V’ -Js(r')V]Gp(r,x)ds’ t = Ene 4.1)
where G, is a doubly periodic Green’s function. The basis functions on triangular elements are em-
ployed to discretize the electric current. After using the method of moments (MoM), one can obtain
the current on the PEC object in one unit cell. Then, the current in the other unit cells can be found
by using the Floquet’s theorem. The PEC surface is discretized into triangular elements. As shown in
Fig. 4.2, there are three types of edges on triangular elements: (1). inside the domain enclosed by the
periodic boundary; (2). on periodic boundary C; and C%; (3). on periodic boundary C'3 and Cy4. For
the first type of edges, the RWG basis functions [47] are adopted to be both basis functions and testing

functions

+_ b +
pl—, rek
B = i?fl* i , T =B 4.2)
2 21411_, re k|

where pf =r— rf and p; =r; —r. rli indicate the coordinate of the vertices of the triangles EF,
which are opposite to the common edge. Ali are the area of the triangles Efc and [; is the length of
the common edge. For the first type of edges, the testing function is applied to be the same as the basis
function.

For the other two types, it is assumed the edges exist in dual pair. As shown in Fig. 4.2, the edges
on Cy are translated with the displacement a; to get its counterpart on C';. One dual pair of edges

are associated with one unknown. The corresponding basis function B, and testing function T'(y) are

given by
+ 1o _—jkay +
Ps ore , TeEELE]
By =q " (4.3)
Ps 2.2; , rc kb,
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Figure 4.2 Three types of edges on triangular elements. The periodic boundary (PB) C'; is comprised
of Py, P3, Ps, and P;. The PB (5 is comprised of P;, Py, Ps, and Ps. The PB Cj is
comprised of P3, Py, Pr, and Ps. The PB Cj is comprised of Py, P», Ps, and Fg.

+ 1 k- +
p2 214%6] 31’ rec E2
2

T = (4.4)

— 1 —
Po %7 re E2
Similarly, the edges on Cj are translated with the displacement az to get its counterpart on C'3. The
corresponding basis functions B3y and testing basis functions T 3) are given by
ls —jk:
pgﬁe jkaz -y e BF

B = L B 4.5)
Ps ﬁ, re by

Ty - p;{%e]kaz’ re Egr “6)
pgﬁ, re by
The definition of in,37 r§f3, and Agf3 are the same as in (4.2). [2 3 is the length of edges l;3.
The special basis functions for the edges on the periodic boundary can guarantee that the outgoing
electric current J,, satisfies the periodic boundary condition J,, (r +r1) = J, (r)e 71, Because the

basis function is applied to the edges on the periodic boundary, the condition of zero outgoing current

is not enforced on the truncated boundary of PEC any more.
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After applying weighted residue method, one obtains the matrix equation

[Zmn} [In] = [Vm] 4.7)
where
o ﬁ inc
Vip = —— [ T,, - E"¢ds, (4.8)
Jn
Zmn — // [v . val . Bn — ,BQTm . Bn]GpdS/dS (49)

The derivation of (4.9) is given in Appendix B. It is worth noting that the phase factor of the testing
function T (o) (or T'(3)) has a different sign from the basis function B 9 (or B 3)). Therefore, as given in
Appendix B, the line-surface integral is cancelled and the matrix element Z,,,,, involves only the double
surface integral. Furthermore, the difference of sign can cancel the phase shift of the testing and basis
functions. Thus, the diagonal elements are dominant in the resultant coefficient matrix.

Actually, there are two ways to generate the matrix equation from EFIE for the periodic array. The
first way is to apply the RWG basis functions as the basis and testing functions to the whole array.
Then, with the help of Floquet’s theory or periodic boundary condition (PBC), the resultant infinite
matrix equations can be rearranged and reduced to finite matrix equations about the unknowns on one
unit cell. In this way, the computational domain should first be defined as more than one unit cell.

The second way, which is proposed in this chapter, is to first restrict the computational domain to
be one unit cell. Then, the three types of basis and testing functions are applied to the computational
domain in one unit cell. Among them, two types of basis and testing functions are designed for the
edges on the periodic boundary. The dimension of the resultant matrix equation is naturally finite. It is
worth noting that the PBC is not applied by this approach, rather than guaranteed by the designed basis
function.

These two ways may result in the same matrix equation. The difference is that the second way starts

from the viewpoint of basis function for the edges on the periodic boundary.

www.manaraa.com



45

a
SI
S
PEC

a

(a) Structure I: one unit cell of the PEC screen
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(b) Structure II: complementary structure of (a)

Figure 4.3 One unit cell of the PEC screen and its complementary structure.

4.1.2 Relationship of scattering from the PEC screen with periodicity and its complementary

structure

Figure 4.3 shows two planar structures: the one unit cell of the PEC screen and its complementary
structure. Here, assume the screens are located at z = 0. In Structure I, the PEC parts of the screen
are denoted by S, and the apertures in the screen by S’. In Structure II, the apertures are denoted by
S, and the PEC parts by S’. Babinet’s principle [50] describes the basic relationship of the scattering
fields from the PEC screen and its complementary structures. In Appendix B, the proof of this principle
is given in a simple way. It involves the integral equations.

For any one of these two structures, there are two ways to calculate the reflection and transmission
coefficients. One way is to apply the magnetic field integral equation (MFIE) on the aperture part of
the screen. Let S, denote a unit surface in z = z, plane at which the reflection coefficient is computed.

S; denotes a unit surface in z = 2; (zx < z,) plane at which the transmission coefficient is calculated.
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Assume the incident wave is the Jgth-order Floquet’s mode. Its transverse component is given by
E} = by, "%/ Z3,e13, (4.10)

The details about the Floquet’s modes are given in Appendix B.

For the Jth-order Floquet’s mode, the reflection and transmission coefficients are given by

1 /
'y =-03,3 — / e hi(p') - M(x)ds’ 4.11)
N R AR
1 /
T, = —,/ e % hi(p) - M(r')ds’ “4.12)
2mb30 . J( ) ( )

where M = 2E x 2 and S, denotes the aperture surface in the unit cell. d3,5 is the Kronecker delta
function.

The other way is to apply the EFIE on PEC part of the screen to obtain

VZ ,
Ip=——2 [ en&el(p) - I(r')ds' (4.13)
2b% Js,
VZ ,
Ty = 6305 — ~22 [ e 1% ey(p') - I(x')ds' (4.14)
20 Js,

Here, S), denotes the PEC surface in the unit cell. Derivation of (4.11)-(4.14) are given in Appendix B.
If these two approaches are applied to the same periodic structure with the same incident wave, in

principle, it should hold that
L,=1,, T,=1T, (4.15)

Now these two approaches are applied to the dual periodic structures. Assume MFIE is applied to
Structure I (IT) with the TEz incident wave, and EFIE is applied to Structure II (I) with the TMz incident

wave. Using the IE approach in Appendix B, it is easy to find
Mrg = ndmm (4.16)
In addition, the following conditions are satisfied

hy e =esmv,  byre = —bh s
4.17)

2
Z3TE - Z3,T™M = 1)
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As a result, the following relationship can be found

TP =650 — )M (4.18)

T, =030 — T, (4.19)

Assume MFIE is applied to Structure I (II) with the TMz incident wave, and EFIE is applied to

Structure II (I) with the TEz incident wave. In a similar manner, one can find
oM = —63,5 — T, F (4.20)
TN =650 — T " 4.21)
because the following conditions are satisfied

Mty = —ndTE, “422)

hyrtv =—es1E, bo1TM = —boTE
In conclusion, the relationship for the reflection and transmission coefficients between the PEC

screen and its complementary structure can be given by

FaTE(TM) = 0343 — I‘EM(TE) (4.23)

TEE(TM) = 6307 — TI;FM(TE) (4.24)

By using the above relationship, the problem for seeking MFIE solution is transformed to that of

the EFIE.

4.1.3 Application of the PGF

Letu = r — r’. Gp(u) can be efficiently evaluated by application of the following acceleration
technique discussed in [40]. When |u, = z — 2’| > 0.5v/Q,

e_’y-] IuZ |

1 .
G,(u) = — eIk 4.25
p(w) Q}J: 7 (4.25)

where

K’J” :jlbl +j2b2, kJ” = K/J” —|—k||’ 0 = |a1 X a2|7

27 R 27, .
= =2 by = % xa, 73 = 4/ lkg|? = B2, and J = (j1, j2)-

Ol Ll Zyl_i.lb
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The above expression is the spectral representation of the PGF, which is with the exponential conver-
gence.

When |u,| < 0.5V,

Gp(u) = <I>p3 + (I)pf —Ts (4.26)

where ®,,, ®,r, and I'g are given as follows. ®,; and I'y are modified from [40] to facilitate the
numerical implementation.

7]kJH uz e —v31(VQ+tuz)
ZJ: 273 1—e V0

4.27)

T Q
I if’l) [1 — erf(ERy)] (4.28)
I
e—Jukr o 1 — e~ |kilB/E?
o,/ (u 2VZ PREE Be(al=B)2/@P 1 =€ T - —I—Ze (hal£8)2/2E)? | (4.29)

where
. 27
a3 = 2V/Q, bz = 7721 X ag, V =az- (a1 x az),
K1 = i1b1 +igbg +i3bs, kr = k1 + k|, E'= V3,

ry = 1141 + 20ag + i3a3, RI = |ll — I'I|, and I = (il,iz,ig).

In [40], ' (u) involves the calculation of eV or %= In order to achieve the specified accuracy
for I'p, the number of terms of the summation is generally large. As a result, eV or e often may
be beyond the range of floating point numbers. To avoid this situation, the expression for I'g(u) is
modified to the present form (4.27).

It is obvious that the limit exists for @, when |kg|3/E? approaches to zero. If the plane wave is
normally incident, k; = 0 at I = 0. There is no trouble to calculate ®,,; for this case using (4.29).

It should be noted that unlike the free-space Green’s function, the periodic Green’s function has the
singular points in both spatial and spectral domains. When u = 0 and |ky| — 8 = 0, the PGF encounter
the singularity in ®,s and ®,, ¢, respectively. In the case of u = 0, one has to deal with the singularity

[79]-[82] when evaluating the matrix elements obtained from the MoM method.
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4.2 Numerical results

The EFIE approach on PEC is implemented using Fortran language. The evaluation of matrix
elements is time-consuming because of the frequent direct calculation of the PGF. To improve the
efficiency of this approach, the interpolation technique is applied to the tabulated PGF. Since the PGF is
with singularity, the quasi-PGF without the term carrying the singularity is first calculated on uniform
grids. Then the quasi-PGF needed to compute is obtained from the table using the second or third-order
polynomial interpolation in two or three dimension. Finally, the corresponding PGF is obtained by
adding up the term with singularity to the quasi-PGF. To validate the present approach, the reflection
and transmission coefficients of several structures are calculated.

The first example is the infinite PEC plate. The PEC plate is infinitely thin. The 2-D lattice has
a; = 22 cmand ag = 21 + §v/3/3 cm. Assume the geometrical center of the unit cell is at the origin.
The PEC plate is located at z = 0.

The incident plane wave has the incident angles # = 60° and ¢' = 0°. The incident electric field
is along y-direction. As shown in Appendix B, this incident plane wave is the Oth TEz Floquet’s mode.
The special testing and basis function on PB are applied to this example. The total numbers of edges
and unknowns are 630 and 600, respectively. The Fortran program is run on a PC machine with a 3.2
GHz Pentium IV processor. The CPU time is about 2.99 s per frequency point. This array of PEC plate
is essentially the infinite PEC plate. Thus, the induced normalized electric current should be exactly
J = nJs = §Eye’ P e . Figure 4.4 shows the normalized current distribution at 9 GHz. In Figure
4.4(a), the current varies with x along the line at yg = 0.192 mm. In Figure 4.4(b), the current varies
with y along the line at xg = —4.33 mm. As shown in this figure, there are good agreements between
the numerical results and exact solution. Figure 4.5 shows the reflection coefficient of the Oth-order TEz
Floquet’s mode for this array. The exact solution of reflection coefficient is I' = —1. If the testing and
basis functions (4.3)-(4.6) are applied to the edges on the PB, there are excellent agreements between
the numerical results and the exact solution. However, if there is no testing and basis functions assigned
to the edges on PB, the reflection coefficient is totally wrong.

The second example is the same as the first one, except for a rectangular aperture perforated in the

PEC plate. The rectangular aperture has the width [, = 1.2 cm and height [, = 0.12 cm. Its geometrical
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Figure 4.4 Normalized current distribution at f = 9 GHz. a; = 42 cm and az = 21 + v/3/3 cm.
0" = 60° and ¢ = 0°.
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Figure 4.5 Reflection coefficient of the Oth-order TEz mode for the infinite PEC plate. a; = 22 cm
and ag = 21 + 9v/3/3 cm. 6" = 60° and ¢’ = 0°

0.8

0.6

IT|

0.4

0.2

—Approach 1
---Approach 2

e Mode matching, Chen

10 11

12 13

Freq. (GHz)

14

15

Figure 4.6 Transmission coefficient of the Oth-order TEz Floquet’s mode for the doubly periodic array
of rectangular apertures. a; = #2 cm and ag = 21 + v/3/3 cm. The rectangular aperture
has the width /,, = 1.2 cm and height [, = 0.12 cm. 0" = 60° and ¢' = 0°. The circle
indicates the results taken from [22].
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Figure 4.7 Reflection coefficient of the Oth-order TEz mode for the PEC strip. a; = #1 m and
az = 0.5 m. The rectangular PEC plate has the width [, = 0.5 m and height [, = 0.5 m.
0" = 0° and ¢ = (°.
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x 107

Figure 4.8 Two meshed cylinders in a unit cell. a; = 26 mm and az = §6 mm. Each cylinder has the
radius 7 = 0.6 mm and length L, = 6 mm. The space between two cylinders is d = 6 mm.

center is also located at the origin. The transmission coefficient is computed by using two approaches.
When directly using (4.14), i.e., EFIE on the PEC part, the special testing and basis functions for the
edge on PB is applied. The number of unknowns is 3601. The CPU time is about 377 s for each
frequency point. When using (4.24), the EFIE is first applied to calculate the transmission coefficient
for the complementary structure. Because the PEC plate in its complementary structure is inside the unit
cell, the special testing and basis functions for the edge on PB are not applied. For the second approach,
the number of unknowns is 237. The CPU time is about 2.36 s for each frequency point. Figure 4.6
shows the transmission coefficient of the Oth-order TEz Floquet’s mode for this array. Good agreements
are observed between the results of three approaches. It is worth noting that the first approach demands
much more dense mesh to achieve the converged results than the second one. This is due to the singular
current distribution near the edge of the plate. Thus, the second approach is suggested for the periodic
array of apertures.

In the third example, the PEC strip is simulated to demonstrate the convergence of reflection coef-

ong along y-direction. a; = £1 m and ag = ¢0.5 m. In one unit cell, the
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Figure 4.9 Reflection coefficient of the Oth-order TMz mode for the two-layer array of PEC cylinders
shown in Fig. 4.8. #" = 0° and ¢' = 0°.
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Figure 4.10 Two meshed cylinders in a unit cell. a; = £6 mm and az = 6.5 mm. Each cylinder has
the radius 7 = 0.75 mm and length L = 5 mm. The space between two cylinders is d = 6
mm.

—In—house code
o Stevanovic et al.

5 10 15 20 25 30 35 40 45 50

Freq. (GHz)

|
a
o

Figure 4.11 Transmission coefficient of the Oth-order TMz mode for the two-layer array of PEC cylin-
ders shown in Fig. 4.10. #* = 0° and ¢’ = 0°. The circle indicates the results taken from
[33].
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Figure 4.12 Geometry of the Jerusalem cross in a unit cell. a; = £15.2 mm and ag = §15.2 mm.

PEC plate has the width [, = 0.5 m and height [, = 0.5 m. The geometrical centers of the unit cell and
the PEC plate coincide with each other. The top and bottom sides involve testing and basis functions
for the edges on PB. The left and right sides are not associated with the unknowns. The incident plane
wave has the incident angles § = 0° and ¢’ = 0°. The incident electric field is along y-direction.
For this case, the 3-D problem can be reduced to the 2-D problem. Then the 2-D IE approach can be
used to calculate the reflection coefficient [67], [84]. Figure 4.7 shows the convergence of the reflection
coefficient of the Oth-order TEz mode. As shown in this figure, the dense mesh is required to achieve
the convergence. This is due to the edge effect of PEC.

The fourth example is the doubly periodic array of two PEC cylinders. Figure 4.8 shows one unit
cell including the meshed cylinders. The axis of each cylinder is along z-direction. a; = 26 mm and
ag = 6 mm. Each cylinder has the radius » = 0.6 mm and length I = 6 mm. The space between two
cylinders is d = 6 mm. Two cross sections of each cylinder touch two sides of the periodic boundary.
Thus, these two sides involve the testing and basis functions for the edges on PB. The total number of
unknowns is 600. The average CPU time is about 3.9 s per frequency point. The reflection coefficients
are shown in Figure 4.9. As shown in this figure, there are good agreements between the results of

the present approach and 2-D IE approach except at some dips. The discrepancy is due to the different
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Figure 4.13 Reflection coefficient of the Oth-order TMz mode for the doubly periodic array of PEC
Jerusalem cross. #* = 0° and ¢* = 0°. The circle indicates the results taken from [9].
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mesh type and density for two approaches.

The fifth example is still the doubly periodic array of two PEC cylinders. Unlike the fourth example,
the cylinders are not truncated by the PB. Thus, the mesh is distributed on the closed surface of the
cylinders as shown in Fig. 4.10. The axis of each cylinder is along z-direction. a; = 26 mm and
ag = ¢6.5 mm. Each cylinder has the radius 7 = 0.75 mm and length L = 5 mm. The space between
two cylinders is d = 6 mm. The number of unknowns is 696. No special testing and basis functions on
the PB are applied since the PEC surface is located inside the unit cell. The average CPU time is about
6.9 s per frequency point. Figure 4.11 shows the transmission coefficients of this array. The numerical
results are compared with those from the approach in [33]. The difference between two approaches is
the application of different forms of PGF. In [33], the Ewald transformation [38] is applied to speed up
the convergence of PGF.

The last example is the doubly periodic array of the Jerusalem cross. Figure 4.12 shows the geom-
etry of the Jerusalem cross. The number of unknowns is 502. Similar to the above example, there are
no special testing and basis functions on the PB to be applied. The average CPU time is about 2.2 s per

frequency point. The reflection coefficient of the Oth-order TMz mode is illustrated in Fig. 4.13.
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CHAPTER 5 ERROR IN PROJECTION OF PLANE WAVES USING VARIOUS
BASIS FUNCTIONS

In this chapter, the projection error of various basis functions is investigated. The equivalent current
is expanded by various basis functions. Then application of the weighted residual method will yield
the unknown coefficients of basis functions. After obtaining the coefficients, the projection error can be
found. The root mean square (RMS) error of current is used as the error measure since the current is
integrable. The numerical projection error of the triangular basis, the basis of their higher-order version,
and the divergence-conforming basis on rectangular and triangular elements are shown. Furthermore,
the closed forms of the projection error on the infinite meshes are derived. The basis functions involved
are pulse basis, triangular basis, the second-order basis in 1D case, the divergence-conforming basis
on rectangular elements and the one-directional triangular elements in 2D case. It is found that the
projection error of p-th order 1D basis is asymptotically inversely proportional to (p + 1)-th power of
the density of unknowns. Based on the closed-form projection errors in 1D case, it is found when the
expansion basis is fixed, the application of different testing functions only affect the coefficient of the
projection error rather than the order. In addition, the error of divergence-conforming basis in projection
of curl-free vectors is generally less than that of divergence-free vectors. This is expected since both the

divergence-conforming basis and the expanded vector are with the same property, namely, curl-free.

5.1 Projection error in the 1-D case

In 1-D case, the plane wave is simply expressed as
J(x) = exp(jkx) (5.1

The infinite mesh consists of the uniform linear elements with equally spaced nodes. The spacing
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between two adjacent nodes is h. The current in (5.1) is projected into an approximated space

J(x) = anNn(x) (5.2)

where N, (x) is the expansion basis function, and a,, is the corresponding coefficient. Using the

weighted residual method, we obtain

Tm?2

S a, /x :2 N (@) Ty () diz = /x J(2) T (z)d (5.3)

ml

where T, (z) is the testing function defined at [2,,1, Z1n2].

5.1.1 Projection error of lower-order basis functions

Consider the case that the expansion and testing functions are both triangular basis functions. From
(5.3),

Um—1 + 40 4 apmy1 = 6 exp(jmkh)sinc? (kh/2) (5.4)

where sinc z = sin z /x. Since the plane wave propagates along the uniform mesh, the phase difference

between a,,11 and a,, should be A = kh. Thus, it can be assumed
ap = do exp(jmkh) (5.5)

where d is the coefficient to be solved. Substitution of (5.5) into (5.4) yields

_ 3sinc?(kh/2)

do = 2 + cos(kh) (56)

The assumption is valid since it makes (5.4) hold on for any value of integer m. At x € [x;—1, Tm),

the error is
Err(z) = |exp(jkz) — am(x — xm-1)/h — am—1(xm — x)/h]| (5.7

The RMS error is obtained by

o Err?(z)dx 55
f;;”_l lexp(jkz)|2dx ’

EI‘I‘RMS =

Evaluating (5.8) with (5.5)-(5.7) yields

3sinc*(kh/2)
= 1—-— "= .
Errgas \/ cos(kh) + 2 (59
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~

When h is small, one can get the asymptotical expression for the RMS error by using cosz ~ 1 —

22/2! + 2* /4! and sincz ~ 1 — 22 /3! + 2 /5!

(kh)?
Errrms asm = (5.10)
125
Table 5.1 One-dimensional projection error in closed form
Testing function Expansion function Errruvs Errgrms asm
Point function Pulse function V/2(1 — sinc(kh/2)) %
Pulse function Pulse function 1 — sinc®(kh/2) %
Point function Triangular function \/2[1 —sinc?(kh/2)] — 2 sin?(kh/2) Z (kZ)Q
Vi 2
Triangular function | Triangular function 1-— %w g;}\l/)g

10°
10}
10}
S
w “o~°
-3 Pulse—Pulse (Anal ’001 ©
10°F v) ®a 3
» Pulse-Pulse (Asymp.) &
X Qq
= = = Point=Tri. (Analyt.) %»
O Point=Tri. (Asymp.) VQI
w4 Tri.—Tri. (Analyt.) -
& Tri.—Tri. (Asymp.)
10° 10° 10°

Number of unknowns per wavelength

Figure 5.1 Projection error of lower-order basis functions in the 1-D case.

Similarly, the projection error can be obtained for the other cases: expansion function of pulse basis
and testing function of point function; expansion and testing function of pulse function; expansion

function-of triangulai-basis-and testing function of point function. The expressions of the projection
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error are listed in Table 5.1. As shown in this table, when using the expansion function of pulse function,
the error for the testing function of pulse function is very close to that of point function. Thus, there
appears to be little or no advantage for Galerkin method [60] for this case. Figure 5.1 plots the projection
error in Table 5.1 as a function of number of unknowns per wavelength. It should be mentioned that the
error estimate for pulse and triangular basis are different from [56]. It is because the RMS and discrete
RMS error are employed in this paper and [56], respectively. The former performs the integration over

the mesh while the latter executes the summation of the values at the single point of each element.

10° k Numerical
S = = = Analytical

1st order

|

Error

2nd order

10° .

10 10" 10
Number of unknowns per wavelength

Figure 5.2 Numerical and analytical results for the first and second order basis functions.

5.1.2 Projection error of higher-order basis functions

Using the same approach as above, the RMS projection error is derived for expansion and testing

function of second order basis function
Errgus ={[(6t% — 30) cos® t — 30t sint cos® t + (33t% 4+ 15 + %) cos? ¢

G.11)
_ 30t sin(2t) — 268 + 15 + 612 /[t5(—2 + cos? )] }1/2
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where t = kh/2. The asymptotical RMS error can be obtained by using the Taylor series expansion of

sin x and cos x

2
Errpps_ asm = 4/ %(kh/m?’ (5.12)

It should be noted that the nominator in square root sign of (5.11) is O(h'?). It is much smaller than 15
in the nominator. Thus, the double or higher precision should be applied for the computer program to
accurately calculate the projection error in (5.11).

As shown in the above expressions, the projection errors using the expansion basis of pulse, tri-
angular, and second order basis are asymptotically proportional to 1, 2, and 3 power of the density of
unknowns, respectively. When the expansion basis is fixed, the application of different testing functions
only affect the constant coefficient of the projection error rather than the order.

Furthermore, the projection error of higher-order 1-D basis function is calculated numerically. For
the sake of simplicity, the computational domain is defined within € [0, A] and divided into N,
linear elements. For the linear element e with the nodes x; and o, the coordinate transformation
x =11 & + 12 & is applied, where & + £ = 1. There are p + 1 interpolatory basis functions of order

p defined on element e

Ni(&1,&2) = PP (&) P (&) (5.13)

where I + J = p, and P7(£) is the Silvester polynomial [62]

I—1
%gﬂm—m,lgfgp
=0

Pr(&) = (5.14)

1, I1=0

The Galerkin method is used to obtain the coefficient of basis functions. The Gaussian Legendre quadra-
ture is employed to accurately evaluate the 1-D integral. Unlike at the node inside the computational
domain, the coefficient at the end node corresponds to only half basis function rather than one basis
function. Figure 5.2 shows the analytical and numerical results for first and second order basis. There is
a good agreement between the analytical and numerical results except the discrepancy due to the edge
effect when A/h < 2. The projection error of the basis from Ist to Sth order is shown in Figure 5.3.

As shown in this figure, the projection error of p-th order basis is asymptotically proportional to (p + 1)

power of the density of unknowns.
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Figure 5.3 Projection error of higher-order basis functions in the 1-D case.

5.2 Projection error in the 2-D case

For a plane wave with incident direction of k and polarization direction of p, the magnetic field on
the plane of z = 0 is given by

H"™ =k x p Hyexp(—jkk - p) (5.15)

where k = —2cos0; + kysin6;, ky = —(Zcos¢; + gsing;), p = &x + gy, and p = 0 cos a + gﬁsina.
« is the polarization angle. (6;, ¢;) are the incident angles. The equivalent electric current on the plane

of z=0is

~

J=2xH™ =2 x (k x p) Hyexp(—jksinb; k; - p) (5.16)
For the #-polarization (o = (0°),
J = —k; Hyexp(—jksin®; k; - p) (5.17)
For the ¢ polarization (o = 90°),

J = ¢cos 0; Hyexp(—jk sin 0; ky - p) (5.18)
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It is obvious that the equivalent vector currents of # and ¢ polarization are curl- and divergence- free,

respectively.

5.2.1 Projection error of basis functions on rectangular elements

Ve 2 (axmay)

*L0

I4

N, 4 |1 |3A N,

2
N 2
Figure 5.4 Curl-conforming basis functions on a rectangular element.

The rectangular element is shown in Figure 5.4. The rectangular element in zy-plane is transformed

into a square element in &1 £2-plane by the coordinate transformation

r=r1& (1 — &) +ra&i&e +r3(l —E&1)& +ra(l—&)(1 - &) (5.19)
The curl-conforming basis functions are expressed by

Ny = (1-&)l3/l3
Ny = (1 =&)L/l
N3 = &ils/ls
Ny = &lo/ly

(5.20)

The divergence-conforming basis functions, which are known as the rooftop basis functions in electro-

magnetics, are

Sy=4ixNy (M=1,---,4) (5.21)

Assume the plane wave propagates along the infinite mesh, which is uniform, namely Az = Ay = h.

The coefficients.corresponding to basis functions N1, No, N3, and Ny, are denoted by @y, n—1, bm—1n,
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Gmn» and by,,, respectively. On the rectangular element, the equivalent current in (5.17) and (5.18) is

approximated using the divergence-conforming basis function

J= amn—lsl + amnS3 + bmn—lsQ + bmnS4 (522)

S1(3) is orthogonal to Sy(4). Thus, using the Galerkin method, one can obtain two sets of equation in
which the coefficient a,, is decoupled with b,

Amn—1 + 4Qmp + Umn+1 = Bl (5233)

bm—ln + 4bmn + bm+1n = By (5-23b)

where

By = 614 exp(jB2) — 1 exp(j261) — 2exp(jf1) + 1

exp[j(n —1)B1 + j(m — 1)

JB2 (jB1)?
By — 63 exp(?ﬁﬂll) — 1 exp(j202) (;;:;p(jﬁz) + 1exp[j(n C DB+ j(m —1)8]

Vi=g-(kxp),Va=2i-(kxp),B1=khsinb;cosd; B2 = khsinb;sing;.
For a plane wave with the non-constant factor of exp(jk sin 6; cos ¢; x + jk sin 6; sin ¢; y), one may

assume the coefficients to be with the form
G = dy exp[j(n — 1)B1 + j(m — 1)) (5.24a)
b = da explj(n — 1)By + j(m — 1)3,] (5.24b)

Substitution of (5.24) into (5.23) yields

6V1 exp(jf2) — 1 exp(j261) — 2exp(jfB1) + 1

di = - - 5.25a
T At 2c0s(B)  jB (j61)? 425
6V5 exp(jfB1) — 1 exp(j232) — 2exp(jfa) + 1
do = - . 5.25b
2T T 2eos(B) B (G5 4235
Again, the RMS error is obtained by
J—J)2d

Errgrmg = ffAS |J | °ds

where As indicates the rectangular element shown in Figure 5.4. From (5.26), the RMS error for

#-polarization is

3 —2(|d1]* + |da|*) — (|d1|? cos B1 + |dz|? cos B2)
3

(5.27)

www.manharaa.com




67

The RMS error for ¢ polarization is

20, _9 2 2y _ 2 2
Errps — \/3(:05 0; (|d1|? + |d2|?) — (|d1]? cos By + |da|? cos 32) (5.28)

3 cos? 6;

Simplifying (5.27) and (5.28), one will obtain

B 3cos? ¢ . o .4 3sin ¢y . .
Errgms = \/1 — msmc (B2/2)sinc*(51/2) — msmc (61/2)sinc*(B2/2) (5.29)
for O-polarization, and
N2 b 2 .
Errpys = \/1 - m&n@(ﬁgﬂ)sinc‘l(ﬂlﬂ) - msinc2(ﬁl/2)sinc4(ﬁg/2) (5.30)

for ¢ polarization.

When 60; = 90° and ¢; = 0°, the RMS error will be reduced to

3sinc?(kh/2)
E =1 - 5.31
FTRMS \/ 2 + cos(kh) (5.31)

for #-polarization, which is the same as the 1-D RMS error of triangular basis function using Galerkin

method and

Errgums = \/ 1 — sinc?(kh/2) (5.32)

for ¢ polarization, which is the same as that of pulse basis function using Galerkin method. This is
expected since when 6; = 90° and ¢; = 0°, the divergence-confirming basis on the rectangular element
can be equivalent to the triangular and pulse basis for # and ¢ polarization, respectively.

When |51| << 1 and |B2| << 1, the asymptotical RMS error can be obtained by using Taylor

series expansion of cos x and sinc x

ErrRus Asv = ]‘m;’\l/%e sin2(2¢;) + (khsin 6;)2[1 — 1.25sin%(2¢;)]/30 (5.33)
for #-polarization and
kh sin 6;
Err = "t /2 — sin?(2¢; 5.34
RMS_ASM NG (2¢) (5.34)

for ¢-polarization. The asymptotical expression indicates that when kh is small, the RMS error normal-

ized by sin 6; is almost not dependent on 6; and linearly varies with the size of element at the specified

Pi-
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In addition, the RMS error of the basis on rectangular element is numerically calculated. The
computational domain is truncated into a rectangular area. Each coefficient at the edge of the domain
corresponds to a half basis function rather than one basis function. Figure 5.5 shows the analytical,
numerical and asymptotical RMS error of the divergence-conforming basis on rectangular element.
The mesh size is Az = Ay = h = 0.1\. The whole size of domain for numerical error is set to
2X\ x 2. As shown in Figure 5.5, the numerical and analytical results agree very well. Thus, the edge
effect is not significant for the RMS error. Figure 5.6 shows the numerical RMS error normalized by
sin #;. As shown in this figure, the normalized error is almost not dependent on the angle ;. From
(5.17) or (5.18), we find that the apparent wavelength on the plane of z = 0 is A/ sin 6;. The number
of unknowns per wavelength is larger than the original mesh density A/h = 10. Thus, the smaller 0; is,
the smaller the projection error is.

It is observed that the projection error for f-polarization is less than that for ¢-polarization. This is
because both the current of #-polarization and the divergence-conforming basis function are curl-free.
Figure 5.7 plots the error pattern for different sizes of element. As shown in this figure, the projection
error deceases linearly with the size of element decreasing. This is consistent with what the asymptotical

expression indicates.

5.2.2 Projection error of basis functions on triangular elements

In this subsection,the current is expanded by the divergence-conforming basis function on triangular
elements. This type of basis function and RWG basis function are essentially identical [85]. The RWG
basis function is also used as the testing function. The derivation of analytical RMS error of RWG basis
function is complex. It is only derived of the analytical RMS error of RWG basis function on infinite
one-directional mesh [54] as shown in Fig. 5.8(a). The details of derivation are given in Appendix. For

f-polarization,

[L)2+ L +|h +1*] | 3
E =4/1— —|15]? 5.35
ITRMS \/ = o231 — Ba) + 5%} (5.35)

and for ¢-polarization,

(|12 + |2+ | + 1)2] 3
Errpys = \/1 —{ I 1JLC|O§2’(& 1@ 2l*) 5 13[23/ cos? 0; (5.36)
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Figure 5.5 Projection error, normalized by sin #;, of basis functions on rectangular element at 6; = 30°
(h =0.1\).

www.manharaa.com



70

90

0.15

180

270

(a) O-polarization

90

0.2

180 |

270

(b) ¢-polarization

R eizeo‘)

— eizeoO

Figure 5.6 Numerical projection error, normalized by sin 6;, of basis functions on rectangular elements

in different 6; (h = 0.1)).
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Figure 5.7 Numerical projection error, normalized by sin 6;, of basis functions on rectangular elements

with different sizes. ; = 89°.
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where
Iy = By + Efexp(jf2)
Iy = B> + Ejexp(jfh)

I3 = E3 + E3exp(jf1 + jf2)
Ey = -ViI11(jB1, jB2) — Vali2(jB1, 5 52)
Ey = Vil (jB1,jB2) + Valaa(jf1,752)

E3 = V2[-Vil11(jB1, jB2) + Val2a(jB1, 5 B2)]

sin ¢, -polariztion — CoS ¢,
, Vo=
cos 0; cos ¢;, ¢-polariztion cosf; sin ¢;, ¢-polariztion

f-polariztion
Vi =

(x1 — 29)? o a3

e — (x; —x9)—1e™ 1 enTr 1 e —1
T (1, 22) = T ¢ T — T2 T

(fEl — $2)2 xI9 X129

T1—w2 _ _ ] et2 1 T 1
Tia(a1,w2) = ) =1 [1 - 1 }

Iy (z1,22) = Lia(z2, 21), Io2(z1,22) = I11(x2, 1)

The asymptotical RMS error can be obtained

khsin6;
Err = L\/2 — sin?(2¢; 5.37
RMS_ASM WG (2¢4) (5.37)
for f-polarization and
kh sin 6;
Err = Y1/ 2 + sin?(2¢;) — 2sin(2¢; 5.38
RMS_ASM Wi \/ (2¢:) (2¢:) (5.38)
for ¢-polarization.
(a) One-directional (b) Arrow (c) Diamond (d) Hexagonal

Figure 5.8 Four types of triangular meshes.
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Figure 5.9 The projection error, normalized by sin #;, of basis functions on the one-directional trian-

gular mesh at ; = 30°. h = 0.1A.
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Figure 5.10 Analytical projection error for the one-directional triangular mesh as a function of ¢; at

different angles 0;. h = 0.1\.
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+ ei=45°
ei:30°

180
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Figure 5.11 Analytical projection error, normalized by sin #;, for the one-directional triangular mesh
as a function of ¢; (¢-polarization). h = 0.1.

270

Figure 5.12 Analytical projection error, normalized by sin 6;, for the one-directional triangular mesh
with different sizes (¢-polarization). ; = 89°.
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(a) O-polarization

o One-directional
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(b) ¢-polarization

Figure 5.13 The numerical projection error, normalized by sin 6;, for five different meshes as a func-
tion of ¢;. ; = 89° and h = 0.1\.
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Additionally, it is numerically calculated of the RMS error of RWG basis function on one-directional,
arrow, diamond, and hexagonal meshes [54], [65], [66]. For each mesh, the shortest distance between
nodes is h. Figure 5.9 shows the analytical, asymptotical and numerical projection error of the RWG
basis function on the one-directional mesh. Good agreement between them can be observed in this
figure.

Figure 5.10 shows the projection error for one-directional mesh as a function of ¢; with different 6;.
It is found that the error in the projection of f-polarization current (curl-free vector) is less than that of
¢-polarization (divergence-free vector). This is because that the RWG basis functions are curl-free. As
shown in Figure 5.10, the projection error is anisotropic and varies with the direction of propagation.
Also, the severity of the anisotropic behavior relates to the element arrangement of the meshes and
the polarization of the incident plane wave. Like the projection error of basis functions on rectangular
elements, the smaller 0; is, the smaller the projection error is. As indicated by the asymptotical form,
the projection error normalized by sin §; almost does not depend on 6;, as shown in Figure 5.11. In
Figure 5.12, the projection error plotted as a function of ¢; with three different values of h/\ has
the same shape but different magnitude. The smaller the value of h/\ is, the smaller the error is.
Furthermore, it is found that the error is proportional to /.

Figure 5.13 shows the projection error as a function of ¢; for five different meshes with A\/h = 10
[65], [66]. The average unknowns density is 200/ A2 for the square mesh, 300/ A2 for one-directional,
arrow, and diamond meshes, and 346/ A2 for hexagonal mesh. It is observed again that the error in
the projection of f-polarization current is less than that of ¢-polarization. For the one-directional and
arrow (or diamond) meshes, the projection errors are different for the ¢-polarization; however, they
agree with each other for the #-polarization. The error in the hexagonal mesh is almost omnidirectional
and less than the errors in the other three meshes in which the longest edge is v/2h. The shape of the
error curves for the ¢-polarization is similar to that of the phase error in the finite element method using
triangular nodal elements [54], [65], [66]. Moreover, the error pattern shape of rectangular element for

¢-polarization is similar to that of one-directional, arrow and diamond meshes for -polarization.
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CHAPTER 6 CONCLUSIONS

In Chapter 2, the IE approach for scattering from the singly periodic array of 2-D PEC conducting
objects is described. In addition, the hybrid IE-plane wave approach is implemented to calculate the
band structure of the metallic crystals. The numerical results generated by the in-house code can serve
as the benchmark results to validate the proposed approaches in Chapters 3 and 4.

In Chapter 3, a DDM approach, which is based on equivalence principle and connection scheme
(EPACS), is developed to calculate the scattering from multilayered periodic arrays. This approach does
not involve the multilayered periodic Green’s function. More importantly, based on EPACS, an effective
approach is proposed to handle the case of semi-infinitely layered periodic arrays. The numerical results
are provided to verify the proposed method. The efficiency of the proposed method is also demonstrated
in this chapter. This method can be extended readily to calculate the scattering from 3-D doubly periodic
structures with multiple and semi-infinite layers.

Chapter 4 addresses several issues in the integral-equation (IE) method for scattering from the dou-
bly periodic array. First, the formulation in [21] is modified to facilitate the numerical implementation.
Second, special testing and basis functions are proposed for the edges on the periodic boundary. The
application of them can model the currents flowing out the truncated boundary of PEC. Third, the rela-
tionship for the reflection and transmission coefficients between the PEC screen with periodicity and its
complementary structure is given. Numerical results are provided to validate the proposed approach.

In chapter 5, the projection error in 1D and 2D case is analyzed. The analytical projection error
on the infinite meshes are given for 1D and 2D cases. The 1D case includes the pulse basis, triangular
basis, the second-order basis, and the 2D case includes roof-top basis function and RWG basis function
on the one-directional triangular mesh. In addition, the projection error of basis functions on rectangular

elements is numerically calculated within a finite computational domain. A half basis function and one
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basis function are applied for each coefficient at the edge of and inside the domain, respectively. There
are good agreements between the analytical and numerical results. It is found the projection error of
p-th order 1D basis function is asymptotically inversely proportional to (p + 1)-th power of the density
of unknowns. It is also found that the error in projection of curl-free vectors is generally less than
that of divergence-free vectors using the divergence-conforming basis function on both rectangular and
triangular elements. In fact, the divergence-conforming basis is with the property of curl-free. So the
basis function and the expanded vector are with the same property, i.e. curl-free. Thus, the projection
error of curl-free vector should be smaller. The error in the 2D case decreases linearly with the mesh

density increasing due to the low order of the basis functions.
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APPENDIX A DERIVATION OF R

In what follows, the derivation of R(Y) in (3.7) is given in detail. Rewriting (3.5) as

T T2 Tiz T Ey S11 Sz S13 Sua Jn
Tor T Toz 1oy Ep B So1 Saa Saz S Jp1 AD
T31 T30 T33 T34 Ep S31 Sz S33 Sz Jn
Ty Tae Tuz Taa B Sa1 Saz Siz Su Jr
and employing (3.6), one will obtain
T T T3 | T i S Sz S5 | T i
Toy Thy TV Fa S S S’ T
21 22 23 21 22 23
Ebl = Jbl (A2)
Ty Tzo Tig S31 Sz Shs
) Epn , Jn
Ty Tao Ty | - - Sa1 Ss2 Sy | b -

where T}, = Tj3 + Tiye—ik=PL and Sls = Siz — Sijpe~Ik=PL (7 = 1,2, 3, 4). Reorganizing the last two

sets of equations in (A.2) yields

T3, —S5 E; T31 T3 En S31 Sz Ju
33 33 vl al p A3)
Tis —Si3 Jin Ty Tao Ey S Sio Jp1
Thus,
1
E; Tys —S% T31 T3 En S31 S32 Ju
1 _ 33 33 . t + t ( A. 4)
Jin Tys —Sis Ty Ty Eyy Sa1 S Jb1

Reorganizing the first two sets of equations in (A.2) yields

Tor T Epy So1 Sao Jp1
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Combining (A.4) and (A.5), one can get

Ey Ju
pl " lzol| ™ (A.6)
Ey Jb1
where
_ - _ - _ - -1 rF
p_ | T T Tiy =S | | Ty =Sy T3 T
Ton Ta Ty; —Si Ty —Sis Ty T
— - — _1 -
0= S Siz Tiy =513 | | Ty =Sy S31 32
So1 S22 53 —S33 Ty —Sis Sa1 Sz
From (A.6),
En _ R Jin AT
Ep Jp1
where
RY = p~1Q (A.8)
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APPENDIX B Derivation of formulations for doubly periodic arrays

B.1 Derivation of matrix elements

In this section, the derivation of (4.9) is given. Multiplying the testing function on both sides of

(4.1) and performing the integral over PEC surface give (4.8) and
L = // [—(Tm VG,V B, — BT, - B,G,| ds'ds (B.1)
sJs!
Applying the following identity
V- (fA)=A -Vf+ fV-A (B.2)
and the surface divergence theorem, one can change the integral of the first term in (B.1) into
I = // V- -T,V B,G,ds'ds
sJs!
— / (u-T) / V' -B,Gpds'dl (B.3)
c+ s’

—/_(u-Tm) /, V' B,G,ds'dl

where s denotes two triangular elements associated with T,,,, and s’ denotes two ones associated with
B,,. u denotes the unit vector normal to contour C* bounding the two triangular elements s. Assume
E™T and E~ are the two elements denoted by s, as shown in Fig. 4.2. Since u - T,, = 0 holds at the

four edges which do not correspond to the testing function T, (B.3) will reduce to
L = // v.-T,,V - BnGpds/ds
sJs!
- / (u-Tp) / V' -B,Gpds'dl (B.4)
I+ s’

- / (u-Th) / V' - B,G,dsdl
- s’
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Here [™ and [~ denote the edges corresponding to T,,, on E+ and E~, respectively. V'-B,, is a constant
and can be moved outside the line-surface integral. For the first type of edge, u - T,, = &1 at [™ and
[~, respectively. Thus, the two line-surface integrals are cancelled with each other.

For the second type of edge, u - T,, = ¢/¥21 and u- T,,, = —1 at [ and [, respectively. Then

the term about line-surface integral is given by

I.—-V' B, [eﬂ'k'al /+ / Gpds'dl — / / Gpds’dl] (B.5)
l s’ 1= Js

The coordinate transformation r™ = r~ + a; is used for the first term in the bracket of (B.5). In

addition, according to the Floquet’s theorem,
Gp(u+ay) = Gp(u)e k2 (B.6)

Thus,

Ils = —V’ . Bn |:€jk.a1 /l' /, Gpe_jk'aldsldl - /l // Gpdsldl:| =0 (B7)

Combination of (B.4) and (B.7) gives

L = // v.-T,,V - BnGpds/ds (B.8)

In the similar manner, one can obtain (B.8) for the case of the third type of edges.

B.2 Proof of Babinet’s principle

(1) Let the EM field
Einc — F, Hinc — nH'mc — ]% < F (B.9)

be incident in z > 0 on the PEC screen on the plane z = 0; Let the total field in z < 0 be E', H'.
(ii) Let the EM field
E™ =_kxF, H™=F (B.10)

be incident in z > 0 on the complementary PEC screen on the plane z = 0; Let the total field in z < 0

be E2, H2.
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Then, the Babinet’s principle asserts that [50]

E'+H?’=F, H -E’=kxF (B.11)
In fact, one may have
jﬂ/s[j(r’) + %v’ -J(r)V]Gp(r,v')ds' = F (B.12)
for Problem (i), and
jﬂ/ + v’ M(r')V]Gp(r,r')ds' = F (B.13)

for Problem (ii). Here J = nJ and M = 2E x 2. As shown in (B.12) and (B.13), Jand M satisfy the

same integral equation on the same domain. Thus,

J=M (B.14)
The total fields z < 0 are given by
=F - ]/3’/ + V' J()V]Gp(r,1')ds' (B.15)
for Problem (i), and
= jﬁ/[M + v’ M(r')V]Gyp(r,x")ds' (B.16)

for Problem (ii). Adding (B.15) to (B.16) yields
E'+H?=F (B.17)

Taking curl of both sides of (B.17) and then taking advantage of Maxwell equations and V x F =
—j Bk x F gives
H -E’=kxF (B.18)

B.3 Derivation of reflection and transmission coefficients

The electric and magnetic fields can be expanded into the TMz and TEz Floquet’s modes

E, = Z(aJe—wz +b3e™M*)\/Z3 ™ €3 ™™

J (B.19)
+ Z(CJe_%z +dye™*)\/ Z3TE €3 TE
J
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Ez = Z(CLJF/’_’Y‘IZ — bJCIYJZ)\/ZJ,TM €23, TM (B_2())

J

H; = Z(a,]e_”‘z — bye™”

)——h
£3,TM
3 VZ3 ™

(B.21)
+ ) (ege - dJewz);htJ TE
3 VZyTte
_ 1
H, =) (cge ™ +dye™*)———h.y1E (B.22)
3 Z3TE
Table B.1 Description of TMz and TEz Floquet’s modes
T™z TEz
. zxk . zxk
hiy v = ]XJZ|k—J”J|” €3 TE = —JXJ Z|kJ|"|I|”
.k .k
ey T™ = ]XJﬁ hyy g = JXJIk_j::I
k k
€23, TM = %XJ h.3TE = %X.}
ZJ’TM = ;’% ZJ,TE = %ﬁ
Table B.1 shows the vector function for the TMz and TEz Floquet’s modes [33]. Here
g = ke (B.23)
VQ
When k3 = 0 and k| = 0 (sin§" = 0),
e = jXJl%p (B24)
for the TMz case and
€] = —jXJf X ]%p (B.25)
for the TEz case. Here l%p = —(&cos @' + Jsin ¢').
It is easy to verify the following orthogonality of ;5 and h;y
. 1, Ji1=J2
/ €tJ1, TM * etJ2,TMd5 = (B.26)
@ 0, J1#J2
. 1, Ji1=J2
/ htJ]_,TM . hth,TMdS = (B27)
@ 0, J1#J2
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. 1, Ji=1Js
/ €3, TE - €5, TEdS = (B.28)

@ 0, J1#J2

. 1, Ji=J2
/ hyy, e - by, teds = (B.29)

¢ 0, Ji#J2
/QetJl,TE - ey, rvds = 0, /thJl,TE -hyy, rvds =0 (B.30)

The incident plane wave is a special case of (B.19)-(B.22), whose electric field is expressed as

E™ = (0 cos o + psin ) Ege 7K™ (B.31)

where k = k| — 2k., k| = k,Bsin¢’, and k. = (3 cos 0.
It is easy to verify that the incident plane wave is the combination of Oth-order TMz and TEz

Floquet’s modes. For #-polarization (a = 0°),

E"¢ = E,TMeV"Z V' Zorv(€r0,m0 — €20,7M) (B.32)

where byt = jEo+/Q cos 07 /n and v = j cos §'. For ¢-polarization (o = 90°),

Einc = ba’TEe'YOZ\ / ZO,TE eto’TE (B-33)

where b%),TE = —jFEo\/Qcos b /n.
For the MFIE approach, one can first apply the equivalence principle and image theory [48]-[49]

to find the magnetic field in terms of the tangential electric fields on the apertures S,. Assuming the

screen is located at z = 0, one may have

H™ +H =H+LM), z2>0

(B.34)
0=H-LM), z<0
where
L(M) = jwe [ M(x)- [T+ %VV]Gp(r,r')ds’ (B.35)
Sa
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M = 2E x 2. H" is the reflected field by infinite PEC surface. From (B.34), the MFIE on the aperture
can be established

Ly(M) =H"™ 2=0 (B.36)

The scattered field above the aperture can be found by

H°=-LM)+H", z>0 (B.37)

The transverse components of incident and reflected magnetic fields are given by, respectively

. . 1
H; = —bj _e"0* hy (B.38)
t Jo \/Z_JO 0
and
Hj = —bj e Mo* hyj, (B.39)
Jo
At z = z,, the transverse component of —L(IM) can be expanded as
1
—L(M) = aye WIE h;y (B.40)
e
Using (B.40) and the orthogonality of Floquet’s modes yields
a3 = —ewzH/Z_]/ L(M) - hiyds (B.41)
Sr

since Ly(M) - hfy = L(M) - hf;. The reflection (transmission) coefficient is defined as the ratio of
the Floquet’s modes coefficient of the reflected (transmitted) electric field to that of the incident electric

field. From (B.37), (B.39), (B.19), and (B.21), the reflection coefficient can be found by

ay — 5JOJ b.llo

r= ; (B.42)
b5,
Substitution of (B.41) into (B.42) yields
YJ Zr Z

r=-S""V2 [ (M) hiyds — 03,3 (B.43)

by s

0 T

At z = z;, H; can be expanded as
1
H, = —by)er*t hz (B.44)
St
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Using (B.44) and the orthogonality of Floquet modes yields

N / H - hiyds (B.45)
St
The transmission coefficient can be found by
b
T=-"L (B.46)
b5,

Substitution of (B.45) into (B.46) yields

N

T=-— - H - hjjds (B.47)
bJ() St
It does hold that
M /(i+ L YV)G, - hiyds = — 2 e ) oM (B.48)
Q /82 p tJ s = 2/82 J p *
for the TEz case, and
« 6_7J|uz| " ,
M- / I+ VV Gp - hijds = o hj(p')- M (B.49)

for the TMz case. Here ) denotes .S, or S;. Thus, for both TEz and TMz cases, one can obtain
1
/ L(M) - hiyds = / L matuelpt (o) M) ds! (B.50)
Q S, 223

Assume the planes .S, and S; are above and below the scatterers, respectively. Substitution of (B.50)
into (B.43) and (B.47) yields (4.11) and (4.12).
Next, the derivation of (4.13)-(4.14) is given. The transverse component of incident wave is given
by
E; = b e \/Zyser5, (B.51)
When the incident wave is the plane wave, the coefficient bf] can be found by (B.32) and (B.33).
The transverse component of the total electric field is given by
Ei(z = 2,) = B} + Ej = b e70* \/Zy e, + Ef|,_ (B.52)

where E7 is the transverse component of the scattering field E°. Ef can be expanded as

Ei(z = 2,) ZaJe vz [ Zyes (B.53)
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Using (B.53) and the orthogonality of Floquet’s modes yields

/ E° - elyds = age %/ Z3 (B.54)

S»

since Ef - efy = E° - e;. The reflection coefficient can be found by

agy e’YJ Zr

== = | E°-e'ds (B.55)
by, 05 VZ3ls, t
At z = z,
Ei(z=2z)= bgoewozu/ZJOetJo +Ej|._., (B.56)

The transverse component of the total electric field can be expanded as

Ei(z=2)=) b \/Zey (B.57)
J

Combing (B.56) and (B.57) and using the orthogonality of Floquet modes, one can obtain

5_]0363067‘]0'2’5 Zy, + / E°. edes = bye*\/Zy (B.58)
St

The transmission coefficient can be found by

bJ e —YJIZt

T = =03, + ———
b.zlo ° szO\/ S,

E’ - e/yds (B.59)

The scattered field is given by

B — —jupu / 30 - [T+ ﬂZVV]G( v)ds' (B.60)
S

For convenience, e;j is rewritten as

13 = Cye I*aIP (B.61)
Using
_'YJIUZ| .
= 5 e (B.62)
J
one can obtain
—luz| o . i ) 16_’YJ|UL| N

[ et = [ S ey = L e e
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Moreover,

/ VVG),, - e/3ds
Q

1 —luz| , . .
=55 2 Pz — k) (F1 — )= e /Qe]kl"pciejk”'”ds
I
B.64
e_'YJl’Uzzl R . R . s ko ( 6 )
=~ (Fraz — jkg))(Fra2 — jky)) - Cie/IF
ef’YJ'uZl R . R . N '
2, (Fva2 — jky)(F732 — jky)) - ei5(p")
Thus, for TMz case,
- 1
/Q(I + §VV)GP - ejyds
e~ valuz| T . 1 o o .
= el lel) + (e — i) (Ft — k) - €ia ()
677J|uz| ) 9
= | Beiy(p') + (£732 + jky))iky| - ez (p )}
e_'YJluzl 9
= | Beiz(p') + (£732 +]kJ||)|kJ|||XJ} (B.65)
67’7J|uz| | J|||
= k e Z
27332 (8* - | J||| )ei :F'YJ . X3
7J6_7°‘|“z| LTI
== 2—52(9:;[ _—J]Xfiz)
nye_'7J|uz| .
=- 2—52(97&1 +eiyz)
For TEz case,
- 1
/Q [+ Y9G, - s
e_’YJluZl « ’ ]_ . . R . * /
=2 e;5(p') + @(—VJZ — gk (=732 — jkg)) - eiz(p')
e—aluzl (B.66)
_ x 0
—Wew(ﬁ )
e_'YJ|uz| .
= e
27 3(0")
Therefore, for both TEz and TMz cases, one can obtain
ES.e* _ Zy —vgluz| % (A N !
-ejyds = (—1)76 ej(p’) - J(r')ds (B.67)
Q s

since the electric current J has only the transverse component along the surface .S, or S;. Substituting
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In [33], the induced electric field is obtained by

E° :/EEE(r,r')-J(r')ds’ (B.68)
S
where
ral Zy _ u *
Gpp(r,r') =Y (1) e P le(p)el (o) (B.69)
J
Actually, from (B.60), one has
_ - 1
Gpp(r,r') = —jwu [(I + @VV)GP] (B.70)
t

Thus, using (B.62) gives

_ _'w e_’YJ'uz' s = 1 . . .
GEE(I',I'/) :Z J M—e Ikg)p—pP |:It-|-—(—ij||)(:|:’}/JZ—JkJ||):|

T 2 2 B
— ‘wﬂ €_7J|uz| —Jk‘] L
= < I-P=P
; QO 29y (B.71)
kJ” kJ” Z X ‘kJ”‘ Z X |kJ||| 1
: — —5Jkg (F132 — jky)
kgl kgl L STI. ST g2/l I
Then
Gpe(r,r') = Gep1 + Gep: (B.72)
where
Grpa = _IERT T —ikgp—p
XJ: Q 2y kyyl kg
(B.73)

Zy _
== Z o ¢ w'uzletJ,TE(P)e;,TE(Pl)
J

~ —jwp e 3luz] —jky-(p—p) ky Ky L. 5
Gge1 = ———e JRatemP) | L~ — kg (Fyz — jk
EJ: Q 2y ISTIRLS T A ant 1)

_ Z * 1— _ iky|-p—p
2 Y3 €tJ, T™M (p)eJ,TM (p ) ,82 IBQQ (:':P)/J)e z

Zy _ .
= (DT e e mlp) [l mlp) £ €3]

(B.74)
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Since the electric current J has only transverse component, one may have

= Zy _
Gge1=— Z 5 € ’YJ|uz|etJ,TM(p)e§,TM(p/)

Thus, we have

(B.75)

(B.76)
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APPENDIX C DERIVATION OF ANALYTICAL FORMULAE FOR PROJECTION
ERROR

C.1 Analytical projection error of triangular basis functions
For the triangular basis function N,,,(z) and Ny, 41 at z,,, = mh and z,, 11 = (m + 1)h,

2 2
Tmo o — X1 Tmtl (il — T _2h
/N x)dx —/ (T) d:v+/xm ( . ) dx = 3 (C.1)

Tmtl g i1 — T T — Ty, h
/N N1 ( dx_/N Ny (z )dxz/m +h e = (C2)

m

where h is the spacing between two neighboring nodes. And

Tm _
/Nm(x)exp(jkm)dav:/ mexp(jkx)dm—#/
emt P o (C3)

= hexp(jmkh)sinc?(kh/2)

In (5.8),
Tm h S h—sl|?
I= / Err?( = / 1 — doexp[jk(h — S)]E — doexp(—jks) ds

h , S  h—sl|?

/ 1+ |doexp[jk(h — s)]E + doexp(—jks) .
. s ., h—s
—2Re <doexp[]k(h - 8)]ﬁ + dpexp(—jks) . ) ds (C4)
h [e— p—
= 1+do{ +(hh 8)2] +2Re (d%%h Sexp(jkh))

—2Re (doexp(jk(h - s))% + doexp(—jks) h

— S) ds
Here Re() denotes taking the real part of a complex number. It is easy to get

h S 2 h h—S 2
/s:O (E) dS:/s:O( h ) ds=h/3 (C.5)
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h .
s . 17 h 1 — exp(jkh)
Zexp(—jk(s — = - C6
[ expleibts - mys = | o - T 0E )
h - .
/ exp[—jk(s — h)]ds = 1= explykh) eXP(] kh) (C.7)
s=0 —jk
Thus,
[ 2d2 + B cos(kh) do(1 —e=3khy [ 1 — eikh e=ikh _q
I=h _1+ : —2Re - 5 o) P

3 h(jk)?

n 2+ cos(kh)
3

B 3sinc*(kh/2)

cos(kh) + 2

- —jkh( jkh _ 1)2
_nlis 2 —i—cos(kh)d%] _9Re <doe (e 1) )

d%] — 2hdgsinc? (kh/2)

(C.8)

Therefore, the RMS error is obtained

B 3sinc*(kh/2)
EI'I'RMS == \/1 - W (Cg)

When N is large, we can get the asymptotical expression

cos(2t) + 2 — 3sinclt
cos(2t) + 2
1—4¢2/2 + 16t4/24 + 2 — 3(1 — t2/6 + t*/120)*
~ 1—42/2 + 2
3= 4122 + 16t* /24 — 3(1 — 12/3 + 2t* /45)? (C.10)
3
3 —4t?/2+ 16t /24 — 3(1 — 22 /3 + t*/5)
3

2 _
ErrRMS =

t4

45

where t = kh/2. Thus,

(kh)?
E = C.11
ITRMS_ASM 25 ( )
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C.2 Analytical projection error of second-order basis functions in 1D case

For the mth linear element e with nodes of x,,, and x,,_1, there are three basis functions of second

order
(1—51)(1—2&1), M:1(I:0andJ:2)
Ni(&1, &) = P(&)P](&) = | 461 &), M=2(I=1andJ =1)
§1(26 — 1), M =3(I =2andJ = 0)

The coordinate transformation is applied

T = Tm-1&1 + Tmé2,

where &; + & = 1. The local matrix [85] K¢ = [K§, y]3x3, in which

1
K&y = / NeNGdr=h [ NGNGde

&1=0
is found to be _ _
2 1 _ 1
15 15 30
K¢=h 1 8 1
15 15 15
1 2 1
30 15 15

(C.12)

(C.13)

(C.14)

Assume the coefficients a,, and b,, of the basis corresponding to the node z,, and the central point of

the ith element e. Using the Galerkin method with respect to b, and a,,, we have two equations

1 8 1
L i+ 2+ e =B
15am 1+ 15bm+ 15am 1
1 1 4 1 1
1t b+ a4 byt — —ame1 = B
30am 1+ 15 m + 15am+ 15 m-+1 3Oam+1 2

where

Tm
B; = / exp(jkx)Nsdx
x

=Tm-—1

1

— thexp(jmbh) [ exp(-khOE(1 - €1)dés
&1=0

= hexp ((m — 1/2)jkh) Cy

sinc(kh/2) — cos(kh/2)]

2
@ = (kh/2)?

(C.15)

(C.16)
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Tm+1

Tm
Bs :/ exp(jk:v)N§da:+/ exp(jkx)Nydx
x

=Tm—1 T=Tm,
1

= hexp(jmkh) [ /g exp(—jkhé1)(1 — E1)(1 — 261)dér+

1=0

1
/g exp(jkh(l —&1))&1 (26 — 1)d51]

1=0

1
= hexp(jmkh) /5 [eo(=ikhen) +esp(ine)] (1 - €)1 - 2e0d
1

= hexp(jmk:h)/ 2cos(khér)(1 — &) (1 — 2&1)déy
£&1=0
= hexp(jmkh)Cy

2 [cos(kh) + 3 — 4sinc(kh)]
(kh)?

It should be noted that the diagonal element in local matrix is doubled in (C.15) since each coefficient
has a pair of basis functions on two linear elements. Assume b,,, = diexp[(m — 1/2)jkh| and a,,, =

daexp(jmkh). Substituting them into (C.15) yields

16d; + 4dg cos(kh/2) = 30C

(C.18)
4 cos(kh/2)dy + [8 — 2cos(kh)| d2 = 30Cs
Thus,
dy = ﬁ { [4 — cos(2t)] C1 — 2 cos tCz}
5 (C.19)
=—[-2
do - [—2costCy + 8C4]
where t = kh/2. Substitution of C; and C5 in (C.16) and (C.17) into the above equation yields
3 (5sinc t — 6cost + cos? t)
di =
2t2 (2 — cos? t)
) ) (C.20)
3 (3cos t+2—5cost smct)
do =
2 (2 — cos?t)
The square of the error is
Err? = ‘exp(jkw) — (aj—1 N1 + by No + oszg)|2
(C.21)

> + amN3|* — 2Re ((am—1N1 + b No + a5, N3)*exp(jkz))
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Err? = 1+ |am—1>N{ + |bm|* N3 + |am N3 — 2Re ((am—1N1 + b Na + an N3)* exp(jkz)
+2Re (@155 N1 Ny + apbiy, No Ny + am_laanlNg)>
(C.22)
Using (C.14),(C.16), and (C.17), we have

4
15

L
15

J Lm ) Errldz

T=Tm—

4
=1+ Ed% + —d3 d3 cos(2t) + Ed1d2 cost —2(diCy + daCy)  (C-23)

h 15

Thus, the RMS error is obtained by substituting dy, ds, C1, and C5 into the above equation

[En
EITRMS = E—d (C.24)

E, = (6t% — 30) cos* t — 30t sint cos® t + (33t% 4 15 + %) cos? ¢

where

— 30t sin(2t) — 2t5 + 15 + 6t (C.25)

Eq = t5(—2 + cos?t)
C.3 Analytical projection error of basis functions on rectangular elements

For the element shown in Fig. 5.4, the local coefficient matrix [85] [K§, \]ax4, in which K§,\ =

JJasSns - Snds, is given by

Ke="22 (C.26)

0 1 0 2

The local source matrix [Bf]4x1, in which B§; = [[,, Sar - Jds, is given by

[ exp(iBa)=1 exp(iBi)—jf1-1 ]
=5 G2
‘/zexp(]"ﬂ,()’l)—l exp(j(ﬁ?ﬁ)—)gﬂg—l

B¢ =Asexp (jin—1)31 +ji(m—1 TP Iz C.27

P = 1) +5(m — 1)) V(B 1 j2B1exp(i261) —exp(iB) 1 (©2D

17758, (3B1)?

Vo &P(B1) =1 jBaexp(jba) —exp(ifz)+1
275 (§B2)?
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It should be noted that each coefficient corresponds to a pair of basis functions and the local matrix need
to be assembled to achieve the (5.23). In (5.26),
Er?=[J-J?=J-J)-(J-J)*
= 32+ |32~ 2Re (3* — J)
= |amn—1]"S1 - S1 + |amn|*S3 - S5 + [b—1n[*S2 - S2 + |bmn|*Ss -S4 (C-28)
+2Re (@}, —1@mnS1 - S3 + b1 nbmnS2 - S1) + |I?
— 2Re (a;;n_lsl J+ay,,S3-J+b,,_1,S2-I+0b,,,S4- J)
Performing the integral of Err? over the rectangular element and applying (C.26) and (C.27) to it yields

Err?ds 1
ffAs— = [|amn—1|2 + |amn|2 + |bm—1n|2 + |bmn|2 + Re (a;knn—lamn + b:m—lnbmn)]

As ~3
A 2
+ |2 X (k X ﬁ)|2 - A_SRe (a;knn—lBle + arnnt + b;kn—lnt + brnnBZ)
(C.29)
Since
* * eXp(jﬁQ) -1 eXp(jﬂl) B .7/81 -1 .
ay, 1 Bf = diV; y : ex As (C.30)
1By =dihh By G5)? p(jp)
. w1, €XP(jB2) — 1 j2B1exp(j261) — exp(jf1) + 1
ai, BS = diV; , , As (C.31)
mn s = A JB2 (3B1)?
* % exp(jﬁl) - 1 eXp(j,Bg) _.7/62 - ]- .
o —1nBs = d5 V- - - ex As (C.32)
1nb2 = d3Va B (%)’ p(jf2)
. w1, €XD(jB1) — 1 jBaexp(jfa) — exp(jfB2) + 1
bh BS = dyVa oY , As (C.33)
PTG (jB2)?
we have
k1B + ak, B = didy [4+2cos(81)] /6 = |di|* [4 + 2 cos(B1)] As/6
(C.34)
1B + b BS = dida [4+ 2cos(B82)] /6 = |da|* [4 4+ 2 cos(B2)] As/6
Thus, from (C.29), we have
Err’ds 1 . A ]2
“UASA—S =3 [2(|d1|2 + |d2|?) + |d1|? cos(B1) + |d2|2003(ﬁ2)] + ‘z x (k x p)‘
1
—3 {|d1|2 [442cos(Br)] + |do|* [4+ ZCos(ﬂg)]} (C.35)

(s x D) = |12 [2+ cos(8)] — |dal? [2 + cos(52)] }
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Therefore, the RMS error is readily obtained

]H@Mszl—{WﬁP+VWWQH4®FP+Wﬂ@HL/@&X(éX@F) (€36)

In addition, we have

Ex (hxp)E=1

Vi = —cos ¢;

V2 =sing; (C.37)
i = 2O psnet (32

o = 20O ine 4 2)sine (5/2)

for f-polarization and
12 x (k x p)|? = cos? 6;

V1 = cos 0; sin ¢;

Vo = cos 0; cos ¢; (C.38)
36 cos?(0;) sin?(¢;) . :

|dy | = [:(f 2(cczss(1;1)(]2 )smc2(ﬂ2/2)smc4(ﬂ1/2)
36 cos?(6;) cos?(¢;)

1 = T oo S (/2 (52/2)

for ¢-polarization. Substitution of the above expressions into and simplification of (C.36) yields (5.29)

and (5.30).

C.4 Analytical projection error of basis functions on one-directional mesh

The triangular element is shown in Figure C.1. The triangular element in xy-plane is transformed

into a simplex triangular element in &1 2-plane by the coordinate transformation
r =111 +raés +rsés (C.39)
where &1 + & + &3 = 1. The curl-conforming basis functions are expressed by
N = (&VE —&VE)h
Ny = (V& — §&1VE)le (C.40)

N3 = (&1V& — &VE)3
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X 3 ® >
(nAx, may) N, 1

Figure C.1 The curl-conforming basis functions on triangular elements.

where V& =nx 11/ T, V& =nx1ly/T,n=1 x1/TJ, T =1 xll,l; =r3 —re,ly =r; —r3,
and I3 = —(I; + 1p).

The divergence-conforming basis functions, which are known as the RWG basis functions in elec-
tromagnetics, are

Sy =2x Ny (M=1,2,3) (C.41)

For the one-directional mesh, Az = Ay = h. The local coefficient matrix [K§,]3x3, in which

K§in = [JasSn - Snds, is given by

2 -1 0
K¢ = % 1 2 0 (C.42)
0 0 2
@ (N3) (32 2(1) (Ny) 3
J N' 11
) (Nl)HN1 N3 Nl N(\\ 3) (Nl)
(NS & ‘ay
2
(23 N, 1 N, 1 @
(a) Edgel (b) Edge 2 (c) Edge 3

Figure C.2 The coefficient on each edge and corresponding triangular elements
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As shown in Figure C.2, each coefficient corresponds to a pair of basis functions associated with
two triangular elements. Thus, the diagonal element in the local matrix should be doubled when using
the Galerkin method.

The interaction between the current and the divergence-conforming basis functions of a; is

11:/ sl-st—/ S - Jds
Asy Aso

(C43)
— [[ @vea-avam-axmas- [[ €ve-gven @ x s
Asq Aso
Using V& = —V§/1, V& = —V{Q, and the coordinate transformation (C.39), we have
1 1-&
h= [ [ (@Ve-aveai: (xpepimn + istlep(int + mpa)h T déade
§1=0&2=0
1 1-&
+ / / (£2VE — &VE) - (k x plexp (=5 (€1 + Baba) + jBa) exp(inr + jmBa)l T déad
§1=0&2=0
(C44)
where 31 = khsin 6; cos ¢; and B2 = khsin 6; sin ¢;.
Let
Vi=hvVeé - (kxp)
(C.45)
V= h Ve - (k x p).
Thus,
L=J eInBLt+ims (El + Ei‘ej[b) (C.46)
where

Ey = —Vi111(jB1,7B2) — Vad12(j51,752)

1 1-&
mGms) = [ [ & ewting +ing)ded
§1=0&2=0
B eT1 %2 _ (151 _ x2) — 1 e*2 1 o eT1—T2 _ et — 1
- ($1 - .’172)2 xTo .’L‘% Tr1 — T2 Tl
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1 1-&

Lia(jB1,502) = / / (1 = &)exp(jBi&1 + jfa8e)dEadéy
§1=0&2=0

e — (p — x9) — 1 %2 1 [1 err — 1]

(.771 — x2)2 xI9 X129

Similarly,

I2=// sz-st—// S, - Jds
Ast Asz (C.47)

=7 eInBr+jmp2 (E2 + E;ejﬁl>

I},:// sg-st—// Sy - Jds
As As (C.48)

— T einPitimp [ Es+ Egej(ﬁlwz)}
where
Ey = ViI1(jB1,jB2) + Valaa(jf1,752)

B3 = V2 [-Vili1(jB1, jB2) + Valaa (i1, jB2)]

1 1-&
Ea(iBit) = [ [ (=) explimnes + ipasa)déadés
§1=0&2=0
= I12(j B2, j51)
1 1-&
122(j517jﬂ2)=/ /§1eXP(j51§1 + jf2&2)dEadéy
£1=0&2=0

= 11(jB2,701)
Assume a1 = d1e?" I8 qy = dyed"P1HimB2and a3 = dzed™P1HI™P2 Using Galerkin

method, we will obtain

J [2 dyedmPrtimBz 1 doed™PrtimBz _ ldgejnﬁl-‘rjmﬂge—jﬁl-i-jﬁg] _7
3 6 6

7 [; dyeinbitimie _ L g nitimes _ Ly neitimes ejﬁl—jﬁz] 7 (C.49)

6 6

2 . . -
§‘7 d3ean/31+3m,82 =13
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From the above equation, we have

9 2 1 o

di = T - <1 —JﬁrHﬁz) T

1 4—cos2(ﬁ1 [32) [31-1-6 +e 2
9 1 o

— - JB1—3B2 .
d2_4—0032(ﬂ1 5y [312+6<1~|—e )Il] (C.50)
2
ds = 513

where Iy = I [exp(jnﬁl —I—jmﬂg)j]_l (M = 1,2, 3). The square of the error is
. 2
Er? = Z apySy —J

M=1
3 3
M=1 M=1 (C.51)
3
== <|aM|2|SM|2> +9Re (a1a3S1 - S3 + a1a3S1 - Sa + a2a3S; - S3)
M=1

3
+I?=2Re | > aiSu-J
M=1

Performing the integral of Err? over the triangular element yields

ffAs Err2ds 1 < 5 1 " 1. AN & * JnBi+imp

Lo B 05 o JRe () + 31 ¢ )P =2 | 3 e
M=1 M=1

(C.52)

The square of RMS error is readily obtained

ffAS Err2ds
Jfaq |2 % (k x p)|2ds

3 3
2 2 . . .
=1+ 3 E lap|? — gRe (a1a3) — 4Re g ajy Erpelmortimee /|2 x (k x p)|?

M=1 M=1

EI‘I‘RM52 =

Using the relationship between aj; and dj;, we have

Errpms? = 1+ Z |da)? — —Re (did3) — 4Re Z diEny /|z x (kx p))? (C.54)
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It is found
3 9 3
> ldul* — SRe (did3) = 3Re | > di/Enr (C.55)
M=1 M=1
Thus,
2| & )
Errpus® =1 — 3 > ldul? = Re(dyds) /|2 x (k x p)|? (C.56)
M=1
In addition,
R 1, 6 — pol.
5 (k x p)? = P

cos®0;, ¢ — pol.

sin ¢i» #-pol.
Vi = P (C.57)
cos 0; cos ¢;, ¢@-pol.

— cos ¢;, f-pol.
Vo= b
cos 0; sin ¢;, ¢-pol.

Using (C.56), (C.57) and the relationship between d; and Iy (M = 1,2,3), we will get

Err?=1-—

6 2 2 * . ) 3.2
py Ty [|h| +|Lf? + Re (I Lexp(—jf +gﬁ2))} ~SIB (C58)

and for ¢-polarization,

6
4 — cos?(B1 — Ba)

, L 3
Err? =1 - { |02 + B + Re (I Lexp(—j61 + k)| - 5|1r3y2}/cos2 6;

(C.59)

Using I exp(jf2) = I1, Lexp(—jB1) = I3, and Re([113) = (|L + L|> — |L]? - \Iz|2)/2, we

can obtain (5.35) and (5.36).
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